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ABSTRACT
We have analysed the photometry of 924 type II Cepheids from the Galactic bulge ob-
served by the Optical Gravitational Lensing Experiment. Our goal was to detect and
analyse various dynamical phenomena, including, e.g. multi-mode pulsation, period-
doubled pulsation, period-k pulsation, or quasi-periodic modulation of pulsation. First
examples of double-mode BL Her-type stars, pulsating simultaneously in the funda-
mental and first overtone modes are reported. Two double-mode pulsators are not iso-
lated cases however, but form an extension of recently identified class of long-period
RRd stars. Period doubling effect was detected in three BL Her-type stars: two were
identified previously and one is a new discovery. Through identification of numerous
period-doubled W Vir stars we show that the appearance of the period doubling effect,
and hence the transition towards RV Tau class, is a smooth process that starts at pul-
sation periods slightly above 15 d. Interchange of the deep and shallow pulsation cycles
is identified in tens of RV Tau variables. One RV Tau star is a strong candidate for
period-4 pulsation. Quasi-periodic modulation of pulsation in all sub-classes of type
II Cepheids is reported for the first time. Modulation was detected in 16 BL Her, 9
W Vir and in 7 RV Tau stars. In the last case, modulation is the most likely scenario,
but two other scenarios, excitation of non-radial modes, or period-4 pulsation, can also
account for the observed pulsation pattern. Irregular changes of pulsation amplitude
and period on various time-scales are common in all subgroups of type II Cepheids.
Key words: stars: variables: Cepheids – stars: oscillations – stars: Population II –
Galaxy: bulge
1 INTRODUCTION
Type II Cepheids are low-mass, population II stars, pulsat-
ing in the radial fundamental mode. They are divided into
three groups based on their pulsation period: BL Her stars,
with pulsation periods between 1 and 5d, W Vir stars, with
pulsation periods between 5 and 20 d, and RV Tau stars
with pulsation periods above 20d. The distinctive feature
of the latter group, is a period doubling (PD) phenomenon.
The light curve shows alternating deep and shallow bright-
ness minima/maxima. The borderlines between the three
groups are conventional and a bit arbitrary; different values
can be found in the literature (for a summary, see Catelan
& Smith 2015). In the Magellanic Clouds, Soszyński et al.
(2008, 2010) put the borderline between the BL Her and
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W Vir classes at a shorter period of 4 d. The three classes
are believed to correspond to different phases of the post-
horizontal branch evolution (Gingold 1985; Catelan & Smith
2015), we note however, that evolutionary status of type II
Cepheids and their sub-groups is still a poorly studied sub-
ject. Within the W Vir class, a subgroup of peculiar W Vir
(pW Vir) stars, which are brighter and bluer, and show a
characteristic asymmetry in the light curve, was identified
by Soszyński et al. (2008). RV Tau stars are also divided
into two sub-classes: RVa stars, with roughly constant mean
brightness, and RVb stars, which exhibit additional long-
period variation of the mean brightness.
Type II Cepheids obey a period-luminosity relation.
Since they are fainter than classical Cepheids, and their
P − L relation has a much higher dispersion, their use as
distance indicators is not that common. On the other hand,
type II Cepheids are extremely interesting in their own right,
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as complex dynamical systems. Pulsation of these low-mass
giants is strongly non-adiabatic and non-linear. Their pulsa-
tion is rarely as regular as clockwork. The longer the pulsa-
tion period the more irregular their pulsation is. In addition,
at periods above 20d, the period doubling phenomenon be-
comes common.
The complex dynamical behaviour of type II Cepheids
was a subject of several theoretical investigations. Large-
amplitude radial pulsation can be modelled with non-linear
pulsation codes. The early calculations were purely radia-
tive. Kovács & Buchler (1988) conducted a large survey of
radiative, non-linear models of type II Cepheids. In a typ-
ical model sequence, three types of dynamical behaviour
were detected as pulsation period was increasing. The short-
est period models displayed a regular limit-cycle pulsa-
tion. For longer periods, period doubled pulsation was ob-
served; first with two, then with four, eight etc., brightness
minima/maxima per repetition period (hereafter period-2,
period-4, period-8, etc., pulsation). Such PD cascade ulti-
mately led to a third type of dynamical behaviour, the de-
terministic chaos. In the more luminous models, the transi-
tion to chaos was occurring through a tangent bifurcation.
Using the amplitude equation formalism, Moskalik & Buch-
ler (1990) showed, that period doubling may be triggered
by the half-integer resonances between the radial pulsation
modes.
It is extremely challenging to detect chaotic dynamics
in the variability of long-period pulsators, as long, uninter-
rupted and precise observations are necessary. Still, the ev-
idence for chaotic dynamics was reported in three type II
Cepheids of RV Tau type (R Sct, AC Her and DF Cyg; Buch-
ler, Kolláth & Serre 1996; Kolláth et al. 1998; Plachy, Bódi
& Kolláth 2018, respectively) as well as in several more lu-
minous semi-regular variables (Buchler, Kolláth & Cadmus
2004), and in Mira-type variable (Kiss & Szatmáry 2003).
Period doubling on the other hand, is relatively easy to
detect and is a well known, distinct feature of RV Tau vari-
ables. However, in the radiative models of Kovács & Buchler
(1988), the PD behaviour appears at a much shorter pulsa-
tion periods than observed (above ∼7−10d). PD was found
in even shorter period, BL Her-type models by Buchler &
Moskalik (1992). They found a robust PD behaviour in the
period range between 2.0 and 2.6 d, caused by the 3:2 reso-
nance between the radial fundamental and radial first over-
tone modes. They concluded that PD effect should also be
present in real stars. It took 20 years however, till their pre-
diction was confirmed, when the first period-doubled BL Her
star was identified in the OGLE data (Soszyński et al. 2011;
Smolec et al. 2012).
The discovery of period doubled BL Her star shows a
great predictive power of non-linear pulsation models. The
period doubled pulsation and chaotic dynamics are not the
only predictions of non-linear models. The recent convective
models of type II Cepheids show, that we may expect quasi-
periodic modulation of pulsation (Smolec & Moskalik 2012;
Smolec 2016), or the full wealth of dynamical behaviours
characteristic for deterministic chaos, including, e.g. type-
I and type-III intermittency, or period-(2k+ 1) pulsation
(Smolec & Moskalik 2014).
The aim of this paper is to search for various dynam-
ical phenomena in the pulsation of type II Cepheids using
the OGLE Galactic bulge data (Soszyński et al. 2017). The
Table 1. Approximate dates and Julian Date ranges for the first
seven observing seasons of OGLE-IV in the Galactic bulge.
season start – end date approximate JD range
(dd-mm-yyyy) (JD− 2 450 000)
s1 05-03-2010 – 07-11-2010 5261 – 5508
s2 03-02-2011 – 22-11-2011 5596 – 5888
s3 30-01-2012 – 11-11-2012 5957 – 6243
s4 03-02-2013 – 04-11-2013 6327 – 6601
s5 29-01-2014 – 01-11-2014 6687 – 6963
s6 06-02-2015 – 08-11-2015 7088 – 7335
s7 25-01-2016 – 30-10-2016 7413 – 7692
OGLE collection is the largest in existence, and consists of
the longest series of homogeneous photometric data for type
II Cepheids. The OGLE data and adopted methods of data
analysis are presented in Sect. 2, results are presented in
Sect. 3 and discussed in Sect. 4. Summary concludes the
paper.
2 DATA ANALYSIS
The OGLE collection of variable stars consists of 924 type
II Cepheids (Soszyński et al. 2017), of which 350 were in-
cluded in the OGLE-III Catalog of Variable Stars (Soszyński
et al. 2011). During OGLE-IV, which has started in March,
2010 (Udalski, Szymański & Szymański 2015), brightness
of 873 type II Cepheids is monitored. Of these, 372 are of
BL Her type, 366 are of W Vir type, and 135 are of RV Tau
type. The data sampling is typically much better than dur-
ing OGLE-III. Hence, OGLE-IV I-band data are our pri-
mary data source. V -band data are also available for most
of the stars but they are scarce. The data that we analyse
cover seven observing seasons (more than 2400d), hereafter
abbreviated as s1,. . . , s7. The corresponding, approximate
Julian Date ranges are given in Tab. 1. The number of the
data points strongly vary from field to field, from about 100
points in the least observed fields, up to more than 13 000
points in the most observed fields.
For 299 stars of the OGLE-IV sample, data from the
earlier phase of the OGLE project are available (Soszyński
et al. 2011). We merge the data only exceptionally, however.
This is because data are often of different quality, with typ-
ically much worse sampling during OGLE-III. In addition,
the variability of type II Cepheids is often irregular, result-
ing in strong, broad, non-stationary signals in the frequency
spectrum, that increase the noise level, and complicate the
analysis. In many cases, increasing the time base only wors-
ens the problem. We also note that there might be system-
atic differences between the OGLE-III and OGLE-IV pho-
tometry: the zero points and the pulsation amplitudes may
slightly differ. The latter effect (amplitude change) is most
likely due to the filter change and indeed in some stars we
observe tiny amplitude differences between OGLE-III and
OGLE-IV data (see, e.g. Fig. 20).
The initial analysis follows a standard consecutive
prewhitening technique. Periodicities present in the data are
identified with the help of the discrete Fourier transform
(DFT). Next, the data are fitted with a Fourier series of the
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following form:
m(t) = m0 +
∑
i
Ai sin(2pifit+ φi) , (1)
in which fi are independent frequencies detected in the data
and Ai and φi are respective amplitudes and phases. All
quantities are adjusted using non-linear least square pro-
cedure. In all cases, the solution includes frequency of the
fundamental mode, f0, and its harmonics, kf0. Residuals
from the fit are searched for additional periodicities with
the DFT. In the equation above we include only resolved fre-
quencies. The formal frequency resolution of the transform
is 1/∆T (∆T – data length), but we adopt a more conserva-
tive criterion and regard two frequencies as resolved, if their
separation is larger than 2/∆T .
During the procedure, we remove the obvious outliers
and model the slow trends with polynomial function. A care
and constant inspection of the data is needed however, as
quite often the data deviate from the fit due to, e.g. strong
phase changes, while trends may in fact be connected to
a star itself or its direct neighbourhood. This is the case
for RVb variables, in which periodic large amplitude varia-
tion of the mean brightness is most likely due to obscura-
tion by a surrounding disc (Kiss & Bódi 2017). Other two
examples of interesting variability detected in the residu-
als are illustrated in Fig. 1. In the top panel we show a
section of residuals for OGLE-BLG-T2CEP-1991 (BL Her;
P0 = 1.021186d) with a clear symmetric brightening that
is most likely due to microlensing event (see Soszyński et
al. 2013, 2014; Wyrzykowski et al. 2006, for similar exam-
ples). Admittedly, due to large crowding within 1 arcsec, we
cannot rule out that, in fact, other nearby source experi-
enced a gravitational microlensing episode. In the residuals
of T2CEP-222 (BL Her; P0 = 1.147797d) variability with
a period of Porb = 27.13d is present. Data folded with this
period are plotted in the bottom panel of Fig. 1. The light
curve resembles ellipsoidal variability in systems with eccen-
tric orbits (see, e.g. Soszyński et al. 2004). In the frequency
spectrum we detect two combination frequencies, f0 − forb
and f0 + 2forb, which indicate that additional variability is
intrinsic to T2CEP-222 and not due to contamination.
Since we analyse ground-based and seasonal data, both
daily and 1-yr aliases are prominent in the window function
and sometimes may become a source of confusion during
the analysis. A few such cases are explicitly discussed in the
text.
The very common complication in the analysis of type
II Cepheids is non-stationary nature of the dominant vari-
ability. The amplitude and phase of the fundamental mode
slowly vary in an irregular way. As a result, after the
prewhitening with the fundamental mode and its harmon-
ics, strong residual power remains in the frequency spec-
trum. The shorter the time-scale of irregular variations, the
broader the power excess observed at f0. The highest peak
within the power excess is typically placed at a location un-
resolved with f0. Similar structures are observed at the har-
monic frequencies. Such signals strongly increase the noise
level in the Fourier transform and may easily hide other
low-amplitude signals present in the data.
1 From now on, we drop the first part of the star’s ID.
Figure 1. Two examples of additional variability detected in
the residual data: microlensing event in the residuals of BL Her-
type variable T2CEP-199 (top panel) and ellipsoidal variability
in T2CEP-222 (bottom panel).
Figure 2. Period distribution for all type II Cepheids for which
data are available for seven observing seasons (solid line) and for
stars in which unresolved remnant power is detected at f0 after
the prewhitening (dashed line). Incidence rates of such stars for
the three sub-classes of type II Cepheids, separated with thin
vertical lines, are given in the plot.
To quantify the problem, in Fig. 2 we plot the period
distribution for type II Cepheids (solid line) and, separately,
for those stars in which unresolved remnant power is de-
tected at f0 after the prewhitening (dashed line). Note that
to construct the plot we have only used the stars for which
data were collected during all observing seasons, s1,. . . , s7
(∼80 per cent of the OGLE sample). Unresolved remnant
power is detected in 30per cent of BL Her stars, 60per cent
of W Vir stars and 41per cent of RV Tau stars.
To study the amplitude/phase changes, and to get rid
of the unwanted power excess at kf0, we use the time-
dependent Fourier analysis (Kovács, Buchler & Davis 1987)
followed by a time-dependent prewhitening (Moskalik et al.
2015, the Appendix). In a nutshell, the data are divided into
chunks of roughly equal length, ∆t. We fix the pulsation
MNRAS 000, 1–28 (2018)
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Figure 3. Time-dependent Fourier analysis for W Vir star
T2CEP-126. Amplitude and phase changes are plotted in the
top and bottom panels respectively. The data were divided into
groups of approximately equal length of ∆t ≈ 270d (one season;
black circles) or ∆t ≈ 50 d (red triangles). Data were fitted with
cubic splines to better visualise the changes.
frequency, f0, and fit the sine series to each of the chunks
separately. Since f0 is fixed, period changes are absorbed
in a phase coefficient, φ1. In the next step, we conduct a
time-dependent prewhitening. The individual sine series are
subtracted from the corresponding data chunks. Amplitudes
and phases of the sine series are kept constant within each
data chunk. The residuals are inspected for the presence of
additional signals. Obviously, the procedure is sensitive only
to the amplitude/phase changes on a time scale longer than
∆t. In the data prewhitened this way, any possible changes
on a time scale longer than ∆t are filtered out.
The procedure and the sensitivity of the results to ∆t
are illustrated in Fig. 3 (time-dependent Fourier analysis)
and in Fig. 4 (frequency spectra) with the help of W Vir-
type star, T2CEP-126 (P0 = 9.64566d). With ∆t = 270d
(which is ∼observing season’s length), amplitude and phase
clearly vary in time and the changes are strong, and aperi-
odic. As a result, in the frequency spectrum after standard
prewhitening with the fundamental mode and its harmon-
ics, we find a strong remnant power (top panel of Fig. 4).
After the time-dependent prewhitening with ∆t = 270d,
the power excess is reduced, but does not vanish. Significant
power, centred at f0 with a broad minimum in the middle,
is still observed in the frequency spectrum (middle panel of
Fig. 4). It indicates that there is a significant variability on
a time scale shorter than ∼270 d. Indeed, with ∆t = 50 d,
changes on a time scale of a few tens of days are unam-
biguously revealed (triangles and dashed lines in Fig. 3).
The changes are irregular. With ∆t = 50 d, time-dependent
prewhitening effectively cleans the frequency spectrum – no
additional significant signals are detected (bottom panel of
Fig. 4).
In practice, there is a lower limit for ∆t, motivated
by the number of data points. In addition, ∆t should be
longer than the pulsation period, so at least a few cycles are
covered. Only then the amplitudes and phases can be de-
termined reliably. The latter constraint becomes important,
e.g. for RV Tau stars in which the length of a period-doubled
cycle can amount to a significant fraction of the observing
season.
We stress that time-dependent prewhitening was con-
Figure 4. Time-dependent prewhitening illustrated for T2CEP-
126 with a section of frequency spectrum centred at f0. Top panel:
standard prewhitening. Middle panel: time-dependent prewhiten-
ing with ∆t≈270d. Bottom panel: time-dependent prewhitening
with ∆t≈50d. Dashed vertical line in the panels marks the loca-
tion of f0.
ducted only when it was necessary, i.e. when strong remnant
power was present in the frequency spectrum after stan-
dard prewhitening. The value of ∆t was adjusted for each
star individually, based on the quality of the data (number
of data points and their sampling) and the pulsation pe-
riod. In many of the analysed stars, time-dependent analysis
on a season-to-season basis was the only possibility. Quite
often, the following time-dependent prewhitening led to a
∼symmetric structure around f0, similar to that in the mid-
dle panel of Fig. 4. It may mimic the modulation side-peaks,
but in fact, it reflects nothing more than irregular variability
on a time-scale shorter than observing season.
In this study, the irregular variability of the fundamen-
tal mode, clearly worth a separate study (in prep.), is an
unwanted complication. The phenomena we are particularly
interested in are multi-mode pulsation, period-doubling phe-
nomenon (in general, period-k pulsation) and quasi-periodic
modulation of pulsation.
In the time domain, the PD phenomenon manifests as
alternating deep and shallow brightness maxima/minima.
We illustrate it in the top panel of Fig. 5 with the help of
T2CEP-279 (P0 = 2.399260d), the first BL Her stars with
period doubling effect. In the frequency spectrum, the PD
phenomenon manifests as signals at sub-harmonic frequen-
cies, i.e. at (2n + 1)f0/2. In the case when PD is a regular
phenomenon, its signature in the Fourier transform is a set
of coherent peaks located exactly at the sub-harmonic fre-
quencies. These peaks can be prewhitened with sine waves
of constant amplitude/phase. It is illustrated in the bottom
panels of Fig. 5
Interchanges (switching) of the deep and shallow min-
ima/maxima may also occur. We illustrate this in the top
panels of Fig. 6 in which we phase the data for RV Tau
variable T2CEP-034 (P0 = 22.4498 d), for three observing
seasons separately. The deep/shallow minima clearly switch
between s1 and s3; during s2 the PD effect is barely notice-
able. The effect may also be strongly irregular or transient.
Switching PD, or irregular effect, manifest as more complex
structures in the frequency spectrum. It is illustrated in the
MNRAS 000, 1–28 (2018)
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Figure 5. Top panel: phased light curve for BL Her-type star
T2CEP-279 showing clear PD effect. Arrows visualize the differ-
ences in the brightness maxima of the consecutive cycles. Mid-
dle and bottom panels: frequency spectrum for T2CEP-279 af-
ter prewhitening with the fundamental mode and its harmonics
(dashed lines). In the middle panel, two signals located at sub-
harmonic frequencies (f0/2 and 5f0/2) are marked with arrows;
other signals are daily aliases. In the bottom panel, all signals de-
tected at sub-harmonic frequencies were prewhitened. The only
remaining signal is unresolved with f0 (its daily aliases are also
present).
bottom panel of Fig. 6 for T2CEP-034. Power excesses, cen-
tred at f0/2 and 3f0/2 are clear, but exactly at the locations
of the sub-harmonic frequencies, marked with arrows, min-
ima are noticeable. Further examples will be presented in
Sect. 3.4.
For period-k pulsation, the light curve repeats after k
fundamental mode pulsation cycles. In the frequency spec-
trum, we expect to detect signals centred at f0/k and its
harmonics.
Periodic modulation of pulsation manifests as equally
spaced multiplets centred at the pulsation frequency and its
harmonics. Frequency separation within the multiplet cor-
responds to the modulation frequency, fm. The signal at
the modulation frequency, which corresponds to the mod-
ulation of mean stellar brightness, may also be detected.
Amplitudes of the multiplet components may be strongly
asymmetric depending, e.g. on the phase relation between
the amplitude and phase modulation, see Benkő, Szabó &
Paparó (2011). For low-amplitude modulation and ground-
based data, modulation typically manifests as triplets at the
pulsation frequency, i.e. peaks at f0 and f0 ± fm, and also
at the harmonics. In case one of the triplet components is
missing, we detect doublets, see, e.g. Smolec et al. (2015) or
Smolec (2016) in which we analysed low-amplitude modu-
lations in the OGLE data for RR Lyrae stars and classical
Cepheids, respectively. To claim the modulation we require
Figure 6. Top panels: phased light curves for RV Tau-type star
T2CEP-034 plotted separately for three consecutive observing
seasons. Interchange of the deep/shallow minima in between s1
and s3 is clear. Bottom panel: frequency spectrum for the three
observing seasons of T2CEP-034, after prewhitening with the fun-
damental mode and its harmonics (dashed lines). Power excesses,
centred at sub-harmonic frequencies, with minima in the middle,
are clearly detected.
the detection of at least two peaks related to a modulation
with a common frequency.
3 RESULTS
3.1 Double-mode F+1O BL Her stars
Two short-period BL Her stars have been identified as
double-mode pulsators.
T2CEP-209. Only OGLE-III data are available for the
star. In addition to f0 = 0.8465353(4) c d−1 and its harmon-
ics (up to 7f0), we detect f1 = 1.200501(3) c d−1 and sev-
eral linear combination frequencies (11 in total). We note
that three secondary periodicities were given already in the
OGLE catalog: one corresponds to f1, the other two cor-
respond to f0+f1 and 2f0+f1. The additional periodicity
has low amplitude, A1 = 0.0237mag (A1/A0 = 0.13). In the
top panel of Fig. 7 we present the light curves for T2CEP-
209. From top to bottom the light curves are: original data
folded with P0 and the disentangled light curves correspond-
ing to the dominant mode (middle light curve) and to the
low-amplitude variability (bottom light curve; sine wave).
T2CEP-749. In addition to f0 = 0.9600873(9) c d−1
and its harmonics (up to 5f0), we clearly detect f1 =
1.361612(5) c d−1 and several linear combination frequencies
(f0 + f1, 2f0 + f1, 3f0 + f1, 4f0 + f1, f1− f0, f0 + 2f1 and
2f0+2f1). The additional periodicity is of low amplitude,
MNRAS 000, 1–28 (2018)
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Figure 7. Folded light curves for T2CEP-209 (top panel) and
T2CEP-749 (bottom panel). Three curves in each panel corre-
spond to: all data folded with fundamental mode period (top) and
to disentangled light curves for radial fundamental mode (mid-
dle) and radial first overtone (bottom). The two latter curves are
shifted in magnitude to allow comparison.
A1 = 0.0267mag (A1/A0 = 0.15). In the bottom panel of
Fig. 7 we present the light curves for T2CEP-749, organised
in the same way as for T2CEP-209.
The period ratios, P1/P0 = 0.7052 for T2CEP-209, and
nearly the same value, 0.7051, for T2CEP-749, indicate that
these might be the first double-mode BL Her stars pulsating
simultaneously in the radial fundamental mode and radial
first overtone. As we discuss below, their properties fit well
into other group of double-mode pulsators identified recently
in the OGLE data, the extreme RRd stars (Smolec et al.
2016). With their periods, P0 = 1.1812857(5)d (T2CEP-
209) and P0 = 1.041572(1)d (T2CEP-749), very close to the
borderline between RR Lyrae and BL Her stars, they would
be the longest-period members of this group, now spanning
across both classes.
In Fig. 8 we show the Petersen diagram in which we
marked the location of classical RRd stars (dots), extreme
RRd stars identified by Smolec et al. (2016) – four firm stars
(large filled circles) and a few candidates (open circles), and
of T2CEP-209 and T2CEP-749 (diamonds). Both BL Her
stars have slightly longer periods than OGLE-BLG-RRLYR-
07283, the longest-period double-mode pulsator identified
by Smolec et al. (2016), and a slightly larger period ratios.
Smolec et al. (2016) calculated a grid of linear pulsation
models and showed that for majority of these long-period
double-mode pulsators suitable models, in which radial fun-
damental and radial first overtone are simultaneously unsta-
ble, can be found. Here we just overplot two sequences of lu-
minous models that run close to the locations of BL Her stars
(green and red circles). These models have M = 0.5 M,
Figure 8. Petersen diagram for classical RRd stars (small dots)
and long-period double-mode pulsators identified in the OGLE
Galactic bulge data: RR Lyrae stars (circles) and BL Her stars
(diamonds). Two sequences of linear pulsation models, both with
M = 0.5 M and L = 70 L, but with different metallicities,
[Fe/H] = 0 and [Fe/H] = −1.5, ares plotted with circles. Higher
metallicity models are plotted with red circles and lower metal-
licity ones with green circles.
L = 70 L and [Fe/H] = 0 (red circles) or [Fe/H] = −1.5
(green circles). Consecutive models in a sequence cross the
instability strip horizontally with 25K-step in effective tem-
perature. Further details of the models are given in Smolec et
al. (2016), in particular period ratios for the full model grid
are plotted in their fig. 12. Filled circles correspond to mod-
els in which both radial modes are simultaneously unstable.
Match with the location of both BL Her stars is reasonable.
For T2CEP-209 both model sequences match the position
of the star very well, but in these models only the funda-
mental mode is unstable. For higher metallicity, the domain
in which the two radial modes are simultaneously unstable
is closer. For T2CEP-749 the higher metallicity models are
clearly better. We note that only for metal rich models, with
high L/M ratio, the two radial modes can be simultaneously
unstable at long fundamental mode periods and low period
ratios. In all discussed long-period double-mode variables it
is the fundamental mode that dominates the pulsation. Am-
plitude of the first overtone is only a small fraction of the
fundamental mode’s amplitude.
T2CEP-209, T2CEP-749 and extreme RRd stars, cover
a rather large area in the Petersen diagram. All these stars
have long periods and low period-ratios (as compared to
RRd stars), and they have a similar shape of the light curve
of the dominant fundamental mode. This is best quantified
with the help of the Fourier decomposition parameters (Si-
mon & Lee 1981), which we plot in Fig. 9. The consecutive
panels show peak-to-peak amplitude, amplitude ratios, R21
and R31, and Fourier phases ϕ21 and ϕ31, plotted vs. the pul-
sation period. Parameters for fundamental mode RR Lyrae
stars (RRab stars) are plotted with small bluish dots, while
parameters for BL Her stars are plotted with green dots.
The other discussed stars are plotted with the same sym-
bols as in Fig. 8, and they form a well defined group in the
Fourier parameter plots. As compared with RRab stars, we
note, that at a given period, the peak-to-peak amplitude and
MNRAS 000, 1–28 (2018)
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Figure 9. Peak-to-peak amplitude (top panel) and Fourier pa-
rameters, R21, R31, ϕ21, and ϕ31, plotted against the pulsation
period for RRab stars (bluish dots), BL Her variables (green dots)
and double-mode variables discussed in the text (large symbols).
amplitude ratios are among the highest observed for RRab
stars. The Fourier phases, on the other hand, are among the
lowest. The two BL Her star fall well within the progression
formed by shorter-period double-mode RR Lyrae stars.
A noticeable feature in the light curves of T2CEP-209
and T2CEP-749 is a bump located on the descending branch
(Fig. 7). In T2CEP-209, which is of longer period, the bump
actually distorts the maximum light. The bump may also be
noticed on the descending branch of extreme RRd stars – see
fig. 2 in Smolec et al. (2016). Considering the whole group,
the bump location depends on the pulsation period – the
longer the period the higher the bump location on the de-
scending branch. This bump progression may be caused by
the 2:1 resonance between the fundamental mode and the
second overtone as inferred from fig. 13 in Smolec (2016).
The same resonance may also be crucial for excitation of
the double-mode pulsations in these stars. We plan to inves-
tigate this possibility in more detail in a separate study.
We conclude that T2CEP-209 and T2CEP-749 are new
members of the class first identified by Smolec et al. (2016),
which now spans across the RR Lyrae and BL Her classes.
We note that the commonly adopted boundary between
RR Lyrae and BL Her stars, at pulsation period of 1 d is just
a convention. Physically, both groups are low-mass, popula-
tion II stars that evolve away the ZAHB.
3.2 Period doubling in BL Her variables
In total, three BL Her-type variables show a PD phe-
nomenon. Two stars were already reported in the past,
based on the analysis of OGLE-III data. T2CEP-279 was
the first BL Her star with PD effect, reported by Soszyński
et al. (2011) and Smolec et al. (2012). In the same papers,
T2CEP-257 was announced as a candidate. For both stars
new OGLE-IV data are available. The third star, T2CEP-
820, briefly announced in Smolec et al. (2018), is analysed
in detail for the first time. Basic data for these stars are
collected in Tab. 2.
T2CEP-279 (P0=2.399260d) is the only BL Her star
in which PD is a persistent phenomenon and is clearly visible
in the phased light curve, which we present in Fig. 5. Cur-
rently, the OGLE data for this star span more than 5550d,
which corresponds to more than 2300 fundamental mode
pulsation cycles. The phenomenon is very stable, no inter-
changes of the deep/shallow minima/maxima are observed.
This is also confirmed by the analysis of the frequency spec-
trum, section of which is plotted in the middle and bot-
tom panels of Fig. 5. In addition to the fundamental mode
and its harmonics (detected up to 17f0, but without 13f0
and 14f0), sub-harmonics at f0/2 and from 5f0/2 to 13f0/2
are clearly detected. The peak at f0/2 is the highest with
A1/2/A0 = 0.048 (Tab. 2). Interestingly, there is no signifi-
cant signal at 3f0/2. The peaks at sub-harmonic frequencies
are coherent, see the bottom panel of Fig. 5. Residual, unre-
solved power is detected at f0, which results from: (i) slow
phase drift and, (ii) a slight (≈ 7mmag) amplitude change
between OGLE-III and OGLE-IV observations. As the am-
plitude change occurred in between two phases of the OGLE,
we cannot rule out the instrumental origin of this change (see
Sect. 2).
OGLE-III data for T2CEP-257 (P0=2.245698d) were
analysed in detail by Smolec et al. (2012). Due to a pe-
riod change, only a section of the data was analysed. The
only detected sub-harmonic (f0/2) was very weak, with am-
plitude of 2.9mmag. The effect was barely visible in the
folded light curve. In Fig. 10 we show the frequency spec-
trum for OGLE-IV data after prewhitening with the fun-
damental mode and its harmonics. First we note that f0
and its harmonics are non-stationary; residual, unresolved
power remains in the frequency spectrum at their location.
Time-dependent Fourier analysis clearly shows that the pul-
sation period slowly changes. The expected locations of sub-
harmonic frequencies are marked with arrows, and indeed,
several significant peaks are present there. T2CEP-257 has
a somewhat unfortunate pulsation frequency, however. As
4.5f0 ≈ 2 c d−1, the location of the sub-harmonics overlap
with the location of daily aliases of the residual signals at
kf0. Indeed, at the interesting locations we observe a broad-
ened peaks with multiple maxima. In the folded light curve
(top-right panel of Fig. 10) a signature of the PD effect is
barely noticeable.
Due to above mentioned unfortunate pulsation fre-
quency, we cannot use time-dependent prewhitening to get
rid of the period changes that complicate the analysis – this
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Table 2. Basic characteristics of BL Her-type variables with PD effect. Consecutive columns contain: star’s ID, period and amplitude
of the fundamental mode, amplitude of the highest peak detected at f0/2, A1/2, as determined from the analysis of all OGLE-IV data,
and list of all sub-harmonic frequencies detected in the data.
star’s ID P0 (d) A0 (mag) A1/2 (mag) sub-harmonic frequencies
T2CEP-279 2.399260(1) 0.2810 0.0134 f0/2, 5f0/2− 13f0/2
T2CEP-257 2.245698(1) 0.2438 0.0029 f0/2, 5f0/2− 9f0/2
T2CEP-820 2.4005048(4) 0.2612 0.0014 f0/2
Figure 10. Transient PD phenomenon in BL Her-type star T2CEP-257. The top row shows the analysis of all OGLE-IV data, while
the bottom row shows the analysis for s6 only. Left panels show the frequency spectrum after prewhitening with the fundamental mode
and its harmonics (dashed lines). Locations of the sub-harmonic frequencies are indicated with arrows. Right panels show the light curve
folded with the pulsation period, P0. Even and odd pulsation cycles are plotted with different colours to visualise the PD effect. Insets
show zooms around the brightness maximum.
technique would remove the signals at sub-harmonic fre-
quencies as well. Instead, we conducted a seasonal analysis.
The bottom row of Fig. 10 shows the result for s6. During
one season period changes are insignificant and there is no
remnant power at kf0. Sub-harmonics are now clearly identi-
fied; for peaks at f0/2, 5f0/2 and 7f0/2 we have a detection
well above the S/N = 4.0. The peak at f0/2 is the high-
est with A1/2/A0 = 0.012 (Tab. 2). Folded light curve also
clearly shows the PD effect. Interestingly, the effect seems
to be restricted to s6. Only in the preceding season, s5, we
have a significant detection of only one sub-harmonic (at
f0/2, S/N = 4.3). Hence, PD in T2CEP-257 is a transient
phenomenon, present in some of the observing seasons only.
It is also the case for the earlier OGLE-III observations.
T2CEP-820 (P0 = 2.4005048d) was observed only
during the fourth phase of the OGLE project. Signature
of PD was detected in the frequency spectrum as a sig-
nal at sub-harmonic frequency, f0/2. The signal is pro-
nounced (S/N=6.0); still its amplitude is only ≈ 1.4mmag
(A1/2/A0 = 0.005; Tab. 2). We note that in this star season-
to-season zero point offsets are significant and must be re-
moved in the analysis. Residual power at f0 is also detected
and time-dependent Fourier analysis indicates it is due to
period change. In addition, much weaker signals (all with
3.0 < S/N < 3.5) centred at 5f0/2, 7f0/2 and 9/2f0 are
present in the spectrum. All these signals have a complex
structure, similar to that displayed in the bottom panel of
Fig. 6, which suggests that the PD effect is irregular. It is
confirmed by seasonal analysis of the data, illustrated in
Fig. 11. Signatures of PD (signals at f0/2) are clear only
during s1 (top panel of Fig. 11), s6 and s7 (bottom panel of
Fig. 11). In between, no significant power at sub-harmonic
frequencies is detected, as illustrated for s5 – middle panel
of Fig. 11. Folded light curves presented in the right pan-
els of Fig. 11 confirm the frequency analysis. The effect is
noticeable close to the brightness maximum during s1 and
s7, and is not present in s5. Interestingly, the deep/shallow
maxima interchange.
We postpone a more detailed discussion of the PD effect
in BL Her-type stars to Sect. 4. Here we just note that all
discussed stars occupy a narrow period range and have very
similar light curve shapes. In all stars the sub-harmonic at
f0/2 is the highest, while there is no significant detection
at 3f0/2, which appears surprising, as signals at higher-
order sub-harmonics are detected (at least in T2CEP-279
and T2CEP-257).
3.3 Period doubling in W Vir stars
The 20d borderline between W Vir stars and RV Tau vari-
ables is a convention. Not surprisingly, single stars that do
show the PD effect and have period slightly shorter than 20 d
were reported, e.g. by Soszyński et al. (2008, 2011, 2017);
Plachy et al. (2017); Plachy, Kovács & Forgács-Dajka (2018).
W Vir itself (P0 ≈ 17.27d), the prototype of the class, also
shows a weak PD effect (Templeton & Henden 2007). On the
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Figure 11. Transient and switching PD phenomenon in BL Her-type variable T2CEP-820. Separate analysis for three observing seasons,
s1, s5 and s7 is presented in three consecutive rows. Left panels show the frequency spectrum after prewhitening with the fundamental
mode and its harmonics (dashed lines). Location of the f0/2 sub-harmonic frequency is indicated with an arrow. Right panels show the
light curve folded with the pulsation period, P0. Even and odd pulsation cycles, and respective Fourier fits, are plotted with different
colours to visualise the PD effect. Insets show zooms around the brightness maximum.
other hand, there are type II Cepheids with no PD alterna-
tions and periods above 20 d. They are formally classified
as RV Tau stars in the OGLE catalogues but, as noted by
Soszyński et al. (2017), such stars may also be classified as
yellow semi-regular variables (SRd stars).
The large number of type II Cepheids in the analysed
sample allows us to study the appearance of the PD phe-
nomenon in the transition between W Vir and RV Tau
classes. In total, we have detected a signature of the pe-
riod doubling effect in 25 stars with periods shorter than
20d, and thus formally classified as W Vir stars. Two of
them, T2CEP-045 and T2CEP-494, were reported earlier
by Soszyński et al. (2011, 2017). To claim the PD effect we
require: (i) the detection of a significant power excess cen-
tred at sub-harmonic frequencies in the frequency spectrum
of all data or of their section, possibly after time-dependent
prewhitening, and (ii) direct detection of the alternations in
the light curve for all data or for their section. In Tab. 3 we
have collected the basic properties of period doubled W Vir
stars. Consecutive columns list: star’s ID, period and ampli-
tude of the fundamental mode, P0 and A0, amplitude of the
highest peak at f0/2, A1/2, list of the detected sub-harmonic
components (broad structures centred at sub-harmonic fre-
quency are indicated with parenthesis) and remarks. For
all the stars light curves folded with 2P0 are presented in
Fig. 12. In Fig. 13 we show the sections of the corresponding
frequency spectra after prewhitening with the fundamental
mode and its harmonics (dashed lines). Exact locations of
the sub-harmonic frequencies, f0/2 and 3f0/2, are marked
with arrows and thin dotted lines.
We note that T2CEP-672 was observed for only one sea-
son, hence the peaks in the frequency spectrum in Fig. 13 are
particularly wide. For T2CEP-735 scarce data are available
for all observing seasons, but only two seasons are densely
sampled, which gives rise to peculiar appearance of peaks in
its frequency spectrum. Nevertheless, for both stars the PD
effect is clearly visible in the light curves as Fig. 12 shows
(for T2CEP-735 alternations are best visible for brightness
maxima).
In T2CEP-494 and T2CEP-840 additional long-period
variation is superimposed on the pulsation light curves – a
phenomenon observed in RV Tau stars of the ‘b’-type (RVb).
It was subtracted from the light curves displayed in Fig. 12.
The PD effect becomes more regular as period in-
creases. This is well visible in the frequency spectra shown
in Fig. 13. For stars with shorter periods, below ≈18 d,
the peaks located at sub-harmonic frequencies are typically
non-coherent (remnant power remains after the prewhiten-
ing), or we observe more complex structures centred at sub-
harmonic frequencies (e.g. wide structures in T2CEP-655,
T2CEP-494, or in T2CEP-482). In the time domain, such
structures correspond either to the transient (PD is present
in only some of the observing seasons) or irregular nature
of the effect (e.g. varying depth of alternations; ‘iPD’ in the
remarks column of Tab. 3), or to the switching of the deep
and shallow pulsation cycles (‘sPD’ in the remarks column of
Tab. 3). For this reason, for some stars displayed in Fig. 12,
we used data for specific observing seasons only (indicated
in the bottom left corners of the panels) to better visualise
the PD effect. Switching of the deep and shallow cycles is
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Figure 12. A collection of light curves for type II Cepheids with periods in the 15 − 20d range that show the PD effect. Star’s ID,
pulsation period and data that were used in the plot are given in each panel. Stars are sorted by the increasing pulsation period.
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Figure 13. A collection of frequency spectra for type II Cepheids with periods in the 15 − 20d range that show the PD effect. Each
panel shows a section of the frequency spectrum in the (0, 2.5f0) range after prewhitening with the fundamental mode and its harmonics
(blue dashed lines). In some cases, time-dependent prewhitening was used, which is indicated with ‘tdp’ in the top right corner of the
plots. Red arrows indicate the location of f0/2 and 3f0/2 sub-harmonics. Stars are sorted by the increasing pulsation period.
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Table 3. Data for type II Cepheids with periods shorter than 20d, and thus formally classified as W Vir stars, that show the PD effect.
The consecutive columns contain: star’s ID, pulsation period, pulsation amplitude, amplitude of the sub-harmonic at f0/2, list of all
sub-harmonics detected (broad structures centred at sub-harmonic frequency are indicated with parenthesis) and remarks. Amplitudes
are derived from the analysis of all OGLE-IV data, unless specific season(s) is(are) indicated in the last column.
star’s ID P0 (d) A0 (mag) A1/2 (mag) sub-harmonics remarks
T2CEP-456 15.1251(4) 0.446(4) 0.017(4) (f0/2) iPD
T2CEP-567 15.1827(1) 0.467(1) 0.007(1) (f0/2), (3f0/2) iPD
T2CEP-807 15.2838(7) 0.4451(7) 0.0081(7) f0/2, 3f0/2 iPD, s6
T2CEP-367 15.3737(7) 0.439(2) 0.013(2) (f0/2) iPD, s6-s7
T2CEP-173 16.076(1) 0.458(2) 0.017(3) f0/2, 3f0/2 iPD, O-III, s2-s3
T2CEP-655 16.0767(2) 0.418(2) 0.015(2) (f0/2), (3f0/2) iPD, very wide sh
T2CEP-686 16.1573(2) 0.445(2) 0.011(2) f0/2, 3f0/2 sPD
T2CEP-098 16.62594(6) 0.4679(5) 0.0088(4) f0/2, 3f0/2 iPD
T2CEP-494 16.7359(6) 0.502(6) 0.102(6) f0/2, 3f0/2 sPD, RVb
T2CEP-381 17.2108(4) 0.436(3) 0.050(3) f0/2, 3f0/2
T2CEP-482 17.2522(4) 0.415(3) 0.024(3) (f0/2), (3f0/2) very wide sh
T2CEP-704 17.320(1) 0.476(2) 0.013(2) f0/2 iPD, s5-s6
T2CEP-109 17.517(2) 0.430(5) 0.030(5) f0/2, 3f0/2 O-III (two seasons only)
T2CEP-672 17.744(6) 0.463(3) 0.048(3) f0/2, 3f0/2 one season only
T2CEP-404 17.8641(2) 0.468(2) 0.018(2) (f0/2), (3f0/2) sPD
T2CEP-393 17.8677(8) 0.493(5) 0.028(5) (f0/2) iPD, poor data
T2CEP-850 18.164(2) 0.234(6) 0.024(6) (f0/2) iPD, poor data
T2CEP-498 18.4577(3) 0.471(2) 0.032(2) (f0/2), (3f0/2) sPD
T2CEP-536 18.5290(3) 0.462(2) 0.027(2) f0/2, 3f0/2 iPD
T2CEP-735 18.9629(2) 0.411(1) 0.042(1) f0/2, 3f0/2 poor data, pec. window fun.
T2CEP-400 19.2532(3) 0.469(2) 0.030(2) f0/2, 3f0/2 sPD
T2CEP-897 19.3036(2) 0.483(1) 0.069(1) f0/2, 3f0/2, 5f0/2, 7f0/2
T2CEP-045 19.3124(7) 0.463(4) 0.030(4) f0/2, 3f0/2 sPD
T2CEP-840 19.3624(2) 0.4187(9) 0.1136(9) f0/2, 3f0/2, 5f0/2 RVb
T2CEP-397 19.6024(9) 0.492(5) 0.084(5) f0/2, 3f0/2
detected in T2CEP-686, T2CEP-494, T2CEP-404, T2CEP-
498, T2CEP-400 and T2CEP-045. This phenomenon is fre-
quent in longer-period RV Tau stars and will be discussed
in more detail in Sect. 3.4.
This numerous sample of period-doubled W Vir stars
allows us to demonstrate that the emergence of the PD ef-
fect is a gradual process that starts at pulsation periods
slightly above 15 d. This is illustrated in Tab. 4. We have
divided the sample into five bins with pulsation periods in
the range 15 − 16d, 16 − 17d, till 19 − 20 d, as given in
the first column of Tab. 4. The second column shows the
number of period doubled stars within a bin, the third col-
umn shows the total number of stars in a bin and the fourth
column gives the corresponding incidence rate. In all bins a
few (4–7) period doubled stars are present. But the overall
number of stars rapidly decreases as pulsation period gets
longer. Consequently, the incidence rate of the period dou-
bling effect increases from 12 per cent (15− 16d) to 70 per
cent (19− 20 d). For periods above 20 d the period doubling
effect is common and only in a few stars with periods longer
than 20 d the effect is not present.
We also note that the amplitude of the PD increases
with the increasing pulsation period. This is quantified with
the average amplitude ratios, 〈A1/2/A0〉, computed in the
just discussed period bins, given in the last column of Tab. 4.
The effect is clear, but not very pronounced.
3.4 Period doubling in RV Tau stars
Period doubling is a characteristic feature of RV Tau vari-
ables. Stars classified as RV Tau, but without noticeable
Table 4. The occurrence of period doubled W Vir stars in the
1-d wide period bins defined in the first column. The second and
third columns give a number of period doubled (NPD) and all
(N) W Vir stars, respectively. The fourth column gives the inci-
dence rate and the last column lists the average amplitude ratio,
〈A1/2/A0〉.
P NPD N NPD/N 〈A1/2/A0〉
15. . . 16 d 4 33 0.12±0.06 0.025±0.005
16. . . 17 d 5 23 0.22±0.09 0.06±0.03
17. . . 18 d 7 14 0.50±0.13 0.07±0.01
18. . . 19 d 4 9 0.44±0.17 0.08±0.01
19. . . 20 d 5 7 0.71±0.17 0.14±0.04
alternating deep and shallow minima are rare, see Soszyński
et al. (2008, 2017) for details about the OGLE classifica-
tion. Period doubling in RV Tau stars manifests as pro-
nounced alternations of the deep and shallow brightness
minima/maxima. The excellent coverage of OGLE data al-
lows us to study the effect in detail. There are only a few
RV Tau stars in which the effect is very regular, i.e. light
curve shape repeats after two pulsation cycles with a roughly
constant minima and maxima (a very nice example is, e.g.
T2CEP-193). In such a case, in the frequency spectrum we
observe coherent signals located at sub-harmonic frequen-
cies.
In the majority of stars, the effect is irregular on a short
time scale, as already noted, e.g. by Soszyński et al. (2008,
2017). There are stars in which the effect is transient: al-
ternations are present in some observing seasons only. In
other stars we observe varying depth of the minima/maxima,
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but the deep and shallow cycles do not switch. In the fre-
quency spectra, we observe non-coherent signals centred at
sub-harmonic frequencies then. In several stars we observe
switching of the deep and shallow cycles. In the frequency
spectra of such stars we observe signals centred at sub-
harmonic frequencies with a local minimum in the middle.
It was already illustrated in Sect. 2, in the bottom panel of
Fig. 6 for T2CEP-034. Here we show the effect in more de-
tail with the help of T2CEP-091 (P0 = 27.5467 d). The top
panel of Fig. 14 shows the data folded with 2P0 separately
for the seven observing seasons. The shallow minimum vis-
ible in s1–s4 at phase 1, becomes the deep minimum for s6
and s7. Middle panel of Fig. 14 shows the frequency spec-
trum after prewhitening with the fundamental mode and its
harmonics. Signals centred at f0/2 and 3f0/2 (weak), with
minimum in the middle, are well visible. Further insight into
the switching phenomenon is possible thanks to the time-
dependent Fourier analysis illustrated in the bottom panel
of Fig. 14. To increase the time resolution, each observing
season was divided into two equal parts and amplitude and
phase change of signals at f0 and f0/2 was followed (open
and filled symbols, respectively). The amplitude and phase
of the fundamental mode slowly vary which gives rise to
unresolved remnant power at f0 well visible in the middle
panel of Fig. 14. The changes are much more pronounced for
the signal at f0/2. In s1 the amplitude significantly varies,
which is also well visible in the top panel of Fig. 14. Light
curve for s1 is characterised with relatively large scatter. For
s2–s4 the depths of the minima change, but otherwise light
curve phases well with 2P0. The switching occurs within s5,
in which amplitude of the signal at f0/2 drops to ≈0. Indeed,
no alternations are visible in the time series at the end of
s5. The phase (bottom panel of Fig. 14) changes by pi, and
switch of the deep and shallow cycles occurs. In s6 and s7
the minimum at phase 1 is the deeper one.
Switching of the deep and shallow cycles clearly occurs
in at least 23 stars of our sample. They cover a wide period
range, from slightly above 20 d to more than 40 d. For these
stars, the effect is illustrated in a series of figures analogous
to that of Fig. 14 (folded light curves for s1–s7 and frequency
spectra) attached to this paper as Supplementary Online
Material (Appendix A).
For some long-period stars the PD effect becomes
strongly irregular. However, there is no rule that the
longer the pulsation period, the more irregular the PD is.
There are very nice examples of pretty regular long-period
RV Tau stars (e.g. T2CEP-782, T2CEP-761, T2CEP-095
and T2CEP-542, all with P0 > 45d).
3.5 Period-4 RV Tau candidate
In the frequency spectrum of T2CEP-135, illustrated in
the top panel of Fig. 15, we detect a signature of period-4
pulsation. After prewhitening with the fundamental mode
(P0 = 23.2681(4)d) and its harmonics, peaks centred at
5f0/4 (f/f0 = 1.2500) and 9f0/4 (f/f0 = 2.2471) are
well visible and significant. In addition we see unresolved
remnant power at f0 and a peak located close to f0/2
(f/f0 = 0.5094). After prewhitening with the above signals,
middle panel of Fig. 15, a structure centred at 3f0/2 becomes
visible. In addition a signal centred at 3f0/4 (f/f0 = 0.7483)
can be noticed, but it is very weak. The bottom panel of
Figure 14. Illustration of switching of the deep and shallow pul-
sation cycles in T2CEP-091. The top panel shows light curves
folded with 2P0 separately for seven observing seasons: from s1
(top light curves) to s7 (bottom light curve) artificially shifted in
vertical direction to allow comparison. The middle panel shows
frequency spectrum after prewhitening with the fundamental
mode and its harmonics (dashed line). Arrows indicate the ex-
act location of f0/2 and 3f0/2. The two bottom panels show the
results of time-dependent Fourier analysis – amplitude and phase
changes – for signals at f0 and f0/2 (followed with a time resolu-
tion of half of the observing season; open and filled symbols, re-
spectively; formal errors are typically smaller than symbol’s size).
Data were fitted with spline function just to guide the eye.
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Fig. 15 shows the frequency spectrum prewhitened with
these two additional peaks. The most pronounced peaks that
remain in the spectrum correspond to remnant unresolved
power at f0, f0/2 and 3f0/2.
Period-4 pulsation is also visible in the time domain,
but it is clearly an irregular effect, not present in all observ-
ing seasons. It is best visible in s2–s5. In the consecutive
panels of Fig. 16, we plot the data folded with 4P0 for s1,
jointly for s2–s5, s6 and s7. While data for s1, s6 and s7 phase
well also with 2P0, with relatively little scatter around light
curve minima/maxima, it is not the case for s2–s5. Data in
these seasons follow a very similar pattern and phase much
better with 4P0. These observations are nicely confirmed by
the time-dependent analysis in which we followed the ampli-
tudes and phases of signals at f0/2 and 5f0/4 on a season-
to-season basis – bottom panels of Fig. 16. We recall that
these are the highest peaks corresponding to, respectively,
the period doubling and the period-4 behaviour. Amplitude
of the 5f0/4 signal is the highest during s2–s5 and is notice-
ably lower during s1, s6 and s7. In s7 it is very small, while
amplitude of the signal at f0/2 is the highest. Indeed, nice
PD effect is visible in s7. Interestingly, amplitudes of the
signals at f0/2 and at 5f0/4 are anticorrelated. Phase vari-
ation for both signals is rather moderate. For the last two
seasons, we observe strong increase of phase of the signal at
5f0/4. Since its amplitude nearly vanishes in s7, its phase is
not well determined then. Clearly, it will be interesting to
revisit T2CEP-135 in the future, to check whether period-4
behaviour will appear with larger amplitude again.
For seasons s2–s5, some scatter around light curve min-
ima/maxima is still noticeable. Period-4 pulsation is only a
mean state around which some variation is present. It is best
visible in the data alone, which have good enough quality to
trace the individual pulsation cycles. They are displayed in
Fig. 17 for seasons s4 and s5.
OGLE-III data for T2CEP-135 are also available, but
the sampling is much more scarce. The star appears as or-
dinary, period-doubled RV Tau star. No trace of period-4
pulsation is apparent in the time domain. In the frequency
spectrum, after prewhitening with the fundamental mode
and its harmonics, signals centred at f0/2 and 3f0/2 domi-
nate the spectrum. In addition, there is a signal near 5f0/4
but it is weak and significantly offsets the exact 5f0/4 posi-
tion (f/f0 = 1.2385).
In a few other stars we have found rather weak hints
for period-4 pulsation; definitely more data with better sam-
pling are needed for verification of these cases. In T2CEP-
224 (P0 = 37.746 d), for which OGLE-III data are only avail-
able, RV Tau alternations are pronounced, but rather large
scatter is visible in the light curve. In the frequency spec-
trum, after prewhitening with f0, its harmonics, and sub-
harmonics, two peaks symmetrically placed around 3f0/4
are detected, which suggests period-4 pulsation. Inspec-
tion of seasonal light curves folded with 4P0 is inconclu-
sive however, due to poor data sampling. T2CEP-853 (P0 =
28.268 d) is a similar case; here we detect a weak signal
centered at 5f0/4, but again, data sampling is too poor
to reveal possible period-4 pulsation in the seasonal light
curves folded with 4P0. Finally, in the frequency spectrum
of T2CEP-810 (P0 = 28.6085d) we detect, besides f0, its
harmonics and sub-harmonics (f0/2, 3f0/2, and 5f0/2), a
significant power excess centred on 2f0/3. All data nicely
Figure 15. Frequency spectra during consecutive prewhitening
steps for T2CEP-135, a period-4 candidate. Thin grey vertical
lines form a grid with a separation of f0/4. Prewhitened frequen-
cies are marked with thick dashed blue lines, new identified fre-
quencies are marked with red arrows. Fundamental mode and its
harmonics are prewhitened in all panels.
fold with 6P0. However we do not detect any other signals
that would support period-6 pulsation. Excitation of addi-
tional non-radial mode or contamination are likely explana-
tions too.
3.6 Periodic modulation of pulsation: BL Her
variables
Based on the analysis of frequency spectra (equidistant pat-
terns) we identified 16 modulated BL Her stars. Basic data
for these stars are collected in the top section of Tab. 5.
In the consecutive columns we provide star’s ID, pulsation
period, modulation period, amplitude of the fundamental
mode and amplitudes of the modulation peaks detected at
fm, f0−fm and f0+fm. Information about additional mod-
ulation side-peaks and remarks are given in the last column.
In several stars, ID’s of which are marked with superscript
‘A’, the amplitude of the modulation is large enough to vi-
sualise the effect with an animation. These animations can
be found as a Supplementary Online Material. For all stars
discussed in this section, in Fig. 18 we show the light curves
folded with the pulsation period. It is immediately visible,
that the modulations are of low amplitude. In none of the
light curves the effect is immediately visible, as it is the
case, e.g. for RR Lyrae stars and the Blazhko effect. For
all modulated stars the frequency spectra showing the most
prominent modulation peaks are presented either below, or
as Supplementary Online Material, Appendix B.
Modulated BL Her stars cover a relatively wide range
of pulsation periods (≈1.4–3.9 d) and modulation periods
(≈15.8–970 d). In the majority of stars, modulation mani-
fests through equidistant triplets centred at f0 and by a sig-
nal at the modulation frequency, fm. Strongly asymmetric
modulation patterns (doublets) are less frequent. In many
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Table 5. Properties of modulated BL Her and W Vir variables. The consecutive columns give: star’s ID (OGLE-BLG-T2CEP-NNN),
pulsation period, P0, modulation period, Pm, pulsation amplitude, and amplitudes of the modulation side-peaks located at fm, f0 − fm
and f0 + fm; A0, Am, A− and A+, respectively. The last column lists additional modulation side-peaks detected in the spectrum and
remarks. Additional side-peaks: A – kf0±fm1 for k = 2, . . . , 8 without 5f0−fm1 and 8f0−fm1; (weak) f0+fm1+fm2, 2f0−fm1+fm2;
B – 2f0±fm; 3f0±fm; 4f0+fm; f0±2fm; 2f0−2fm; f0−3fm/2, 2f0−3fm/2, fm/2 and 3fm/2. Remarks: ‘am’ – additional long-period
modulation possible; ‘fX’ – additional single periodicity detected; ‘tdp’ – modulation becomes clear after time-dependent prewhitening.
ID P0 (d) Pm (d) A0 (mag) Am (mag) A− (mag) A+ (mag) additional peaks, remarks
075A 1.3900567(4) 443(2) 0.2527(2) 0.0014(2) 0.0031(2) 0.0042(2) A
108.4(1) 0.0014(2) 0.0028(2) 0.0033(2)
153 1.4843614(5) 15.792(7) 0.0899(1) - 0.0007(1) 0.0007(1) tdp, fX
251A 1.5461499(2) 89.86(4) 0.2362(1) 0.0013(1) 0.0040(1) 0.0041(1) 2fm, 2f0±fm
020A 1.6605306(3) 257.3(4) 0.2231(2) 0.0013(2) 0.0028(2) 0.0022(2) 2f0±2fm, (weak) 3f0±2fm, 3f0±fm
178A 1.8173612(3) 167.3(1) 0.2233(1) 0.0023(1) 0.0028(1) 0.0029(1) tdp, am, 2f0±fm
159 1.8893494(8) 146.3(5) 0.2272(4) 0.0025(4) 0.0033(4) - am
274A 2.115251(2) 175.4(5) 0.3234(8) 0.0031(5) 0.0036(5) 0.0032(5) tdp
214 2.2378475(8) 142.9(2) 0.2760(3) 0.0024(3) - 0.0056(3) 2f0 + fm, am
361A 2.337876(2) 140.4(2) 0.2958(6) 0.0049(6) 0.0052(6) 0.0048(6) 2f0±fm, am
805A 2.3760435(7) 865(3) 0.3008(3) - 0.0068(3) 0.0048(3) kf0 ± fm1 for k = 2, . . . , 7, am
775A 2.991630(4) 79.25(4) 0.278(2) 0.0049(3) 0.0064(3) 0.0051(3)
878A 3.52009(1) 38.54(2) 0.1547(8) 0.0126(8) 0.0041(8) 0.0098(8) 2f0+fm, am
543A 3.54839(2) 39.70(3) 0.190(1) 0.013(1) 0.012(1) -
122A 3.694937(1) 973(4) 0.3079(1) - 0.0054(1) 0.0049(1) kf0 ± fm1 for k = 2, . . . , 6, 7f0 − fm
377A 3.823615(7) 957(5) 0.3121(8) - 0.0142(8) 0.0180(8) kf0 ± fm1 for k = 2, . . . , 4, 5f0 + fm
273A 3.85754(2) 24.360(5) 0.268(2) 0.0343(5) 0.0133(5) 0.0119(5) B, tdp
783 5.247911(8) 50.07(2) 0.2964(4) - - 0.0072(4) 2f0 + fm1, 3f0 + fm1; 5fm1 = 6fm2
59.92(4) - 0.0061(4) - 2f0 − fm2, 3f0 − fm2
696A 5.87379(3) 50.86(2) 0.230(1) 0.026(1) 0.015(1) - 2f0 − fm
804A 8.31937(8) 988(5) 0.0537(3) - - 0.0137(3) 2f0 + fm1
282 8.91565(3) 82.24(6) 0.1856(4) - 0.0106(4) - 2f0 − fm
187A 9.5937(1) 107.6(3) 0.270(2) - 0.014(2) - 2f0 − fm, peculiar W Vir
443 10.6364(3) 124.5(4) 0.327(4) 0.010(2) 0.013(2) 0.013(2) tdp
594 11.396(2) 116(1) 0.254(4) - 0.040(5) - 2f0 − fm, poor data
764A 12.4293(4) 115.6(2) 0.215(3) 0.014(3) 0.043(3) - 2f0 − fm, am
230 16.3985(3) 219(2) 0.451(1) - 0.013(1) 0.007(1) O-III data only
cases, modulation co-exists with irregular variation of am-
plitude and/or phase of the fundamental mode, which man-
ifests as unresolved remnant power at f0, and hampers the
analysis of modulation. Modulations of pulsation amplitude,
pulsation phase and of mean brightness are all present in the
discussed sample.
Below we provide some details and illustrate the mod-
ulation for particular stars.
T2CEP-075. In this star, we clearly detect two mod-
ulation periods as illustrated in the frequency spectrum in
Fig. 19. The primary modulation, of larger amplitude, has a
period of Pm1 ≈ 443 d. Triplets at f0 and at the harmonics
and a signal at the modulation frequency fm1, are detected.
Secondary modulation (Pm2 ≈ 108.4 d; Pm1/Pm2 ≈ 4.1) is
evident; the modulation peaks are detected at f0 ± fm2 and
at the modulation frequency fm2. Two peaks at combina-
tion frequencies (f0 + fm1 + fm2 and 2f0 + fm1− fm2) are
also present in the spectrum, but are weak. OGLE-III data
for this star are of inferior quality, however, the last sea-
sons of OGLE-III data, together with OGLE-IV data, allow
the time-dependent analysis with a time resolution of about
∆t≈130 d (∼half of the season), which we present in Fig. 20.
Amplitude modulation on the timescale of Pm1 is obvious.
It is clear that the mean brightness also varies on the same
time-scale. These variations are anticorrelated: the lower the
pulsation amplitude, the brighter the star. Phase changes,
on the other hand, are much more smooth and dominated
by a secular, roughly parabolic variation.
We also note a slight difference in amplitudes between
OGLE-III and OGLE-IV observations which, as explained in
Sect. 2, is likely an instrumental effect. OGLE-IV data also
enable time-dependent Fourier analysis on a much shorter
time scale which shows that also the secondary modulation
is an amplitude modulation. Based on frequency solution,
the two modulations were disentangled and illustrated with
the animations (see Supplementary Online Material).
T2CEP-153. The remnant, unresolved power at f0
dominates the prewhitened frequency spectrum of this star.
In addition, a strong signal at fx/f0 = 0.451 is present.
We do not detect any linear frequency combinations of
the two frequencies. Since Px is longer than P0, this addi-
tional signal is either a non-radial pulsation mode or arises
due to contamination. After time-dependent prewhitening
(∆t ≈ 90 d), two side-peaks, symmetrically placed around
f0 are firmly detected (at S/N equal to 4.9 and 4.4) and
indicate a modulation with Pm1 ≈ 15.8d2.
T2CEP-251. In the frequency spectrum we detect
2 For all stars, figures with sections of the frequency spectrum,
illustrating the modulation peaks, are either included in the main
body of the paper, or in the Supplementary Online Material –
Appendix B.
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Figure 16. Top four panels: data for T2CEP-135 folded with
4P0 for seasons s1, s2–s5, s6 and s7. Bottom panels: ampli-
tudes and phases of signals centred at 5f0/4 and f0/2 (filled and
open circles, respectively; formal errors are usually smaller than
point’s size) followed on a season-to-season basis using the time-
dependent Fourier analysis. Data were fitted with spline function
just to guide the eye.
Figure 17. Photometric data for T2CEP-135 during s4 and s5.
equidistant triplets centred at f0 and 2f0 as well as a peak at
the modulation frequency, fm, and at its harmonic – Fig. 21.
Modulation period is nearly 90 d. Amplitude modulation is
clear and illustrated with an animation (see Supplementary
Online Material).
T2CEP-020. The star clearly shows a modulation of
pulsation with a period of 257.3d and with a very interesting
frequency spectrum pattern. While at f0 we detect triplet
components, f0±fm, at the harmonic we detect the quintu-
plet components, 2f0±2fm, but not the 2f0±fm side-peaks
– Fig. 22. At 3f0, signature of all quintuplet components
can be found, but the signals are weak. In the time domain
we observe peculiar amplitude modulation: the amplitude is
roughly constant for most of the modulation cycle and in-
creases a little only during its relatively small fraction (see
animation in Supplementary Online Material).
T2CEP-178. After prewhitening with the fundamen-
tal mode and its harmonics, frequency spectrum of this star
is dominated by a strong low-frequency signal (due to trend)
and remnant power at kf0. After time-dependent prewhiten-
ing on a season-to-season basis, modulation with a period of
Pm = 167.3d is clear. Strong modulation peaks are detected
at fm and at f0 ± fm. For animation, see Supplementary
Online Material.
T2CEP-159. Modulation is rather weak. We detect
only two side-peaks, at f0−fm and at fm that may correspond
to a modulation with a period of 146.3 d. Weak (S/N = 4.4)
additional signal with frequency lower than f0 is present in
the spectrum after prewhitening. The corresponding period
ratio is P0/Px ≈ 0.89. This additional peak may arise, e.g.
due to secondary modulation.
T2CEP-274. Signal in the low frequency range is
clearly detected (Fig. 23; top left) and suggests a modu-
lation with a period of about 175 d. The corresponding side-
peaks at f0 are barely noticeable as the spectrum is dom-
inated by residual power at f0 (Fig. 23; top right). Hence,
we applied the time-dependent prewhitening with a rather
large ∆t ≈ 500 d so the prewhitening does not cut the sus-
pected modulation of relatively long period. As a result, the
modulation side-peaks become clearly visible and significant
(Fig. 23; bottom right). We also note that with ∆t ≈ 500 d,
the power at f0 is not entirely removed. Except the peaks
at fm and f0± fm, no other modulation peaks are detected.
Modulation is dominated by phase variation, illustrated with
an animation (see Supplementary Online Material).
T2CEP-214. In addition to remnant power at f0
(phase change), side-peaks at fm, f0 + fm and 2f0 + fm are
clearly detected (Fig. 24). After time-dependent prewhiten-
ing on a season-to-season basis two additional peaks located
close to f0 become significant (marked with arrows in the
bottom-right panel of Fig. 24) and may correspond to sec-
ondary modulations (with periods of 60.8 and 28.46 d).
T2CEP-361. The data are rather scarce, but modula-
tion with Pm = 140.4d is clear and manifests with equidis-
tant triplets at f0, 2f0 and as a signal at modulation fre-
quency, fm. After prewhitening with the modulation com-
ponents, a significant and resolved peak is detected at f0,
which may correspond to secondary modulation of longer
period (more than 1000d). In addition, a significant peak at
f0 − fm/2 is present. Despite poor data, modulation can be
noticed in an animation (see Supplementary Online Mate-
rial).
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Figure 18. Collection of phased light curves for modulated BL Her stars. Star’s ID, type, pulsation period and modulation period are
given in each panel. Stars are sorted by the increasing pulsation period.
T2CEP-775. Analysis of this star is particularly dif-
ficult because of its close-to-integer pulsation period, P0 =
2.991630d. As a consequence, the light curve is composed of
three separate chunks, at the brightness maximum, at the
descending branch and at the brightness minimum (Fig. 18).
In addition slow trends are present in the data which we re-
moved by fitting two low-frequency sine functions. Still, the
modulation with Pm = 79.25d is easily detectable. In the
frequency spectrum it manifests through prominent modu-
lation side-peaks located at fm, and at f0±fm. Side-peaks at
higher order harmonics are not detected after the prewhiten-
ing, which may be due to peculiar pulsation frequency: they
are expected at the location of daily aliases of the peaks at
fm and f0 ± fm. In the animation, modulation is best visi-
ble at the minimum brightness (see Supplementary Online
Material).
T2CEP-878. The strongest modulation peak is de-
tected at the modulation frequency, which means that the
mean brightness of this BL Her star is strongly modulated
with a rather short period of 38.54d. The side-peaks are
also detected at f0 ± fm and at 2f0 + fm. After prewhiten-
ing, additional significant and resolved peaks are detected
at f0 which may correspond to secondary modulations on
longer time-scales. However, we do not detect other mod-
ulation side-peaks with the same separations, that would
confirm the secondary modulations. Animation nicely con-
firms a significant modulation of the mean brightness (see
Supplementary Online Material).
T2CEP-543. Modulation period is rather short,
39.70d. Only two side-peaks are firmly detected, at fm and
at f0−fm. Modulation of mean brightness is clear and illus-
trated with an animation (see Supplementary Online Mate-
rial).
T2CEP-273. After standard prewhitening with funda-
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Figure 19. Top panel: sections of the frequency spectrum for
T2CEP-075 (BL Her) at the low frequency range (left) and cen-
tred at f0 (right), after prewhitening with the fundamental mode
and its harmonics (blue dashed line). Modulation side-peaks are
marked with arrows. Bottom panel: the corresponding sections of
the frequency spectrum after prewhitening with the modulation
side-peaks (red and green dashed lines).
Figure 20. Time-dependent Fourier analysis (∆t ≈ 125d) for
T2CEP-075 (BL Her): mean brightness (top), amplitude (middle)
and phase (bottom) changes.
mental mode and its harmonics, remnant unresolved power
dominates the frequency spectrum, as illustrated in the top
panel of Fig. 25. As soon as this unresolved power is removed
with time-dependent prewhitening (∆t ≈ 120 d; half of the
season), a very rich spectrum of modulated side-peaks is re-
vealed as demonstrated in the consecutive panels of Fig. 25.
Full quintuplet is detected at f0. Separation between side-
peaks corresponds to modulation period of 24.361 d. Incom-
plete quintuplet is also detected at 2f0. In the low frequency
range, signal at modulation frequency is detected. Interest-
Figure 21. Top panel: sections of the frequency spectrum for
T2CEP-251 (BL Her) at the low frequency range (left) and cen-
tred at f0 (right), after prewhitening with the fundamental mode
and its harmonics (blue dashed line). Modulation side-peaks are
marked with arrows (their 1-yr aliases are also well visible). Bot-
tom panel: the corresponding sections of the frequency spectrum
after prewhitening with the modulation side-peaks (red dashed
lines).
Figure 22. Top panel: sections of the frequency spectrum for
T2CEP-020 (BL Her) centred at f0 (left) and 2f0 (right), af-
ter prewhitening with the fundamental mode and its harmonics
(blue dashed lines). Modulation side-peaks are marked with ar-
rows. Bottom panel: The corresponding sections of the frequency
spectrum after prewhitening with the modulation side-peaks (red
dashed lines).
ingly, after prewhitening with all the modulation side-peaks,
another set of peaks, located at f0 − 3fm/2, 2f0 − 3fm/2,
fm/2 and 3fm/2 becomes apparent, but these peaks are
weak. The modulation is illustrated with an animation (see
Supplementary Online Material).
In several stars we suspect a quasi-periodic phase mod-
ulation, on a time-scale of a few hundreds of days. Firm de-
tection of such long-period modulation, with typically seven
observing seasons, and for stars in which irregular phase
and amplitude variations are common, is challenging. Un-
ambiguous interpretation of the frequency spectra, due to
aliasing problems and superposition of the quasi-periodic
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Figure 23. Top panel: sections of the frequency spectrum for
T2CEP-274 (BL Her) at the low frequency range (left) and cen-
tred at f0 (right), after prewhitening with the fundamental mode
and its harmonics (blue dashed line). Modulation side-peaks are
marked with arrows. Bottom panel: The corresponding sections
of the frequency spectrum after time-dependent prewhitening
(∆t ≈ 500d). Only now the modulation side-peaks at f0 become
well visible.
Figure 24. Top panel: sections of the frequency spectrum for
T2CEP-214 (BL Her) at the low frequency range (left) and cen-
tred at f0 (right), after prewhitening with the fundamental mode
and its harmonics (blue dashed line). Modulation side-peaks are
marked with arrows. Bottom panel: The corresponding sections of
the frequency spectrum after prewhitening with the modulation
side-peaks (red dashed lines).
modulation and irregular changes, is sometimes difficult. In
the stars discussed below, the modulation signature is de-
tected in the frequency spectrum (triplet structures at kf0),
in the time-dependent Fourier analysis (phase changes on
the same time-scale) and finally illustrated with animations.
In one of these stars phase modulation may reflect the light
time travel effect due to motion in a binary system, as we
discuss in more detail in Sect. 4.3.
Frequency spectrum for T2CEP-122, centred at f0 and
2f0, is illustrated in Fig. 26. Symmetric triplets are detected
Figure 25. Prewhitening sequence for modulated BL Her star
T2CEP-273. Dashed lines indicate the location of prewhitened
frequencies, arrows indicate newly detected peaks. After stan-
dard prewhitening with the fundamental mode and its harmonics
strong unresolved remnant power was detected (top panel). Ad-
ditional modulation side-peaks are detected after time-dependent
prewhitening (∆t ≈ 120d; panels 2–5).
Figure 26. Top panel: sections of the frequency spectrum for
T2CEP-122 (BL Her) centred at f0 (left) and 2f0 (right), af-
ter prewhitening with the fundamental mode and its harmonics
(blue dashed lines). Modulation side-peaks are marked with ar-
rows. Bottom panel: the corresponding sections of the frequency
spectrum after prewhitening with the modulation side-peaks (red
dashed lines).
up to 6f0. Frequency separation suggests a modulation with
a period of 973 d. Time dependent Fourier analysis (Fig. 27,
top panel) clearly indicates phase changes on the same time
scale. Animation (Supplementary Online Material) nicely il-
lustrates the phase modulation.
A very similar frequency spectra were obtained for
T2CEP-377 and T2CEP-805, and suggest the modula-
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Figure 27. Quasi-periodic phase modulation in three BL Her-
type stars illustrated with the help of time-dependent Fourier
analysis (with a time resolution of ∼half of the observing season).
Data were fitted with spline function to guide the eye. Stars’ IDs
are given in the top section of each panel.
tion with periods of 957 d and 865 d, respectively. Time-
dependent Fourier analysis (Fig. 27; middle and bottom
panels) indeed shows the phase modulation on the same
time-scale. In T2CEP-805, after the prewhitening, we de-
tect a lot of remnant power and additional peaks close to the
fundamental mode frequency and its harmonics; secondary
modulations are possible. Modulations in T2CEP-377 and
T2CEP-805 are illustrated with animations (see Supplemen-
tary Online Material).
We note that the above long-period phase modula-
tions are irregular, as Fig. 27 nicely illustrates. The de-
termined modulation periods are rather modulation time-
scales. Phase variations are often complex in type II
Cepheids and may temporarily mimic the quasi-periodic
variability. We cannot rule out such possibility for the dis-
cussed stars, as the data cover little more than two mod-
ulation cycles. More detailed discussion is postponed to
Sect. 4.2.
3.7 Periodic modulation of pulsation: W Vir
variables
Search for modulation is even more difficult for W Vir stars,
as irregular phase/amplitude changes, that produce power
excess at f0 after the prewhitening, are more common. Still,
for a few W Vir stars the detection of modulation is convinc-
ing. Their basic properties are given in the bottom section of
Tab. 5 and the light curves folded with pulsation period are
plotted in Fig. 28. In contrast to BL Her variables, we rarely
observe equidistant triplets at f0 and its harmonics. More
commonly, doublets are present. Signal at the modulation
frequency is detected in three stars. Pulsation periods cover
a wide range; the shortest period is ≈5.25 d, the longest is
≈16.4 d. Modulation periods are rather short, except in one
star, all below 220 d. In one star we detect two modulation
periods. Below we briefly discuss the modulated W Vir stars.
T2CEP-783. Pulsation of this star is irregular, both
amplitude and phase vary, which manifests in strong rem-
nant power at kf0 after prewhitening. In the top panel
of Fig. 29 we show the sections of frequency spectrum
centred at f0 and 2f0 after time-dependent prewhitening
(∆t ≈ 125 d; half of the season). Two families of side-peaks
are detected: one at kf0 + fm1, the other at kf0 − fm2 with
k = 1, . . . , 3. If these peaks are interpreted as due to modu-
lation, the respective modulation periods are Pm1 = 50.07 d
and Pm2 = 59.92d. Interestingly, within frequency resolu-
tion of the data, 5fm1 = 6fm2. The side-peaks are strongly
non-stationary, as illustrated in the bottom panel of Fig. 29.
T2CEP-696. Among pronounced modulation side-
peaks detected at fm, f0 − fm and 2f0 − fm, the one at
the modulation frequency is the highest, and corresponds to
strong modulation of the mean brightness with a period of
50.86d – Fig. 30 (for animation, see Supplementary Online
Material).
T2CEP-804. Long-period (Pm = 988d) modulation
manifests through side-peaks located at f0+fm and 2f0+fm.
Amplitude modulation is pronounced and accompanied with
phase variation. After prewhitening with the fundamental
mode, its harmonic and modulation side-peaks, remnant
power at f0 is present.
T2CEP-282. Fundamental mode and its harmonic are
non-stationary. Modulation side-peaks are well resolved and
located at f0 − fm and 2f0 − fm (Pm = 82.24 d). The peaks
are wide and strong remnant remains after the prewhitening,
which indicates that we observe non-coherent modulation.
T2CEP-187. Peculiar W Vir star. Side-peaks are de-
tected at f0 − fm and 2f0 − fm, and may correspond to a
modulation with Pm = 107.6 d. After prewhitening, a rem-
nant power at kf0 is detected and is due to pronounced
phase change (for animation, see Supplementary Online Ma-
terial).
T2CEP-443. Well resolved modulation peaks become
prominent only after time-dependent prewhitening (∆t ≈
120 d, half of the season). They are located at fm, f0 − fm
and f0 + fm and correspond to a modulation with a period
of Pm = 124.5 d.
T2CEP-594. Despite poor data – two seasons are only
available – the amplitude modulation is clear in the light
curve. We detect strong peak at f0 − fm (Pm = 116d) and
much weaker modulation peak at the harmonic, 2f0 − fm
(S/N = 3.6).
T2CEP-764. Modulation peaks are detected at fm,
f0 + fm and 2f0 + fm, and correspond to a modulation with
Pm = 115.6d. Secondary long-period modulation is also pos-
sible but more data (longer time base) are needed to confirm
this (for animation, see Supplementary Online Material).
T2CEP-230. Only OGLE-III data are available for
this long-period (P0 = 16.3985 d) pulsator. The side-peak
detected at f0 − fm is strong and indicates a modulation
with Pm = 219 d. After prewhitening, the other side-peak at
f0+fm is the most prominent in the spectrum; nevertheless,
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Figure 28. Collection of phased light curves for modulated W Vir stars. Star’s ID, type, pulsation period and modulation period are
given in each panel. Stars are sorted by the increasing pulsation period.
Figure 29. Top panel: sections of the frequency spectrum for
T2CEP-783 (W Vir) centred at f0 (left) and 2f0 (right), af-
ter time-dependent prewhitening with the fundamental mode
and its harmonics (∆t ≈ 125d, half of the season; blue dashed
lines). Modulation side-peaks are marked with arrows. Bottom
panel: The corresponding sections of the frequency spectrum af-
ter prewhitening with the modulation side-peaks (red and green
dashed lines).
with S/N = 3.8, it is weak. No other modulation peaks were
detected in the spectrum.
3.8 RV Tau stars with modulation periods close
to 4P0?
In the frequency spectra of seven RV Tau stars, properties of
which are listed in Tab. 6, we have detected very similar pat-
terns: additional signals located very close to 5f0/4, 9f0/4
(in all stars) and to 13f0/4 (in five stars; see sixth column
of Tab. 6), besides the fundamental mode, its harmonics,
and signals centred at sub-harmonic frequencies, f0/2 and
3f0/2 (last column of Tab. 6). All these stars have peri-
Figure 30. Top panel: sections of the frequency spectrum for
T2CEP-696 (W Vir) at the low frequency range (left) and cen-
tred at f0 (right), after prewhitening with the fundamental mode
and its harmonics (blue dashed line). Modulation side-peaks are
marked with arrows (their 1-yr aliases are also well visible). Bot-
tom panel: The corresponding sections of the frequency spectrum
after prewhitening with the modulation side-peaks (red dashed
lines).
ods in the 30 < P0 < 35 d range. Frequency spectra for two
stars, T2CEP-146 and T2CEP-765, are illustrated in the top
panels of Figs 31 and 32, respectively3. For these stars, the
signals located close to 5f0/4 dominate the spectrum after
prewhitening with the fundamental mode and its harmon-
ics. The signals close to 9f0/4 and 3f0/4 (T2CEP-146) are
also noticeable. Signal at f0/2 is well visible in T2CEP-146,
3 Analogous figures for all stars discussed in this section as avail-
able as Supplementary Online Material, Appendix C.
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Figure 31. Top panels: frequency spectra during consecutive
prewhitening steps for RV Tau star T2CEP-146. Thin grey verti-
cal lines form a grid with a separation of f0/4. Prewhitened fre-
quencies are marked with thick dashed blue lines, new identified
frequencies are marked with red arrows. Fundamental mode and
its harmonics are prewhitened in all panels. Bottom panels: light
curves for T2CEP-146 folded either with suspected modulation
period, or with 4P0.
while in T2CEP-765 only a broad and rather insignificant
power excess, centred at f0/2, is present.
Interestingly, in all discussed stars, the additional peaks
are not centred on 5f0/4, 9f0/4, or 13f0/4, but have a bit
higher frequency. This is illustrated in the seven panels of
Fig. 33, in which we show small sections of the frequency
spectra centred at 5f0/4 (dashed line), with the total width
of the section equal to f0/4. The arrows are placed at the
locations of the additional peaks inferred from the sine series
fits. The offsets are very small, only in the case of T2CEP-
401 the two frequencies are well resolved. In fact, in this case
a weak peak centred exactly at 5f0/4 is visible. For a given
star, the offsets are the same at 5f0/4, 9f0/4 and 13f0/4.
There are three possible interpretations of the discussed
frequency patterns. The peaks detected at 5f0/4, 9f0/4 and
13f0/4 may be denoted as fx, f0 + fx and 2f0 + fx, and
may correspond to excitation of additional mode and its lin-
ear frequency combinations. Alternatively, the peaks may be
denoted as f0 + fm, 2f0 + fm and 3f0 + fm (see the penul-
timate column of Tab. 6) and may be interpreted as due to
Figure 32. The same as Fig. 31 but for T2CEP-765.
Figure 33. Zooms into frequency spectra of seven RV Tau stars,
centred at 5f0/4 (dashed line). Frequency of the highest nearby
peak, as inferred from the sine series fit, is marked with arrow.
Stars’ IDs are given in top right section of each panel.
modulation of the fundamental mode with a frequency fm,
slightly larger than f0/4. Admittedly, the offset between the
additional peaks and exact harmonics of f0/4, i.e. fm−f0/4
(or fx−5f0/4) is very small. It can be expressed in the units
of formal frequency resolution of the data (which is 1/∆T ;
∆T – data length), r = (fm−f0/4)/(1/∆T ). This parameter
is given in the fifth column of Tab. 6. Within our conserva-
tive approach, only in T2CEP-401 the two frequencies are
resolved (r > 2). Consequently, the third interpretation is
period-4 pulsation. In the first row of Tab. 6 we have included
the data for T2CEP-135, a period-4 candidate discussed in
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Table 6. Properties of RV Tau stars with suspected modulation such that Pm ≈ 4P0. Consecutive columns contain: star’s ID, fundamental
mode period, P0, modulation period, Pm, and, for comparison, 4P0, parameter r defined as r = (fm−f0/4)/(1/∆T ), the list of detected
modulation peaks and the list of peaks detected at sub-harmonic frequencies.
star ID P0 (d) Pm (d) 4P0 (d) r additional peaks sub-harmonics
T2CEP-135 23.2681(4) 93.07 93.07 0.002 f0+fm, 2f0+fm f0/2, 3f0/2
T2CEP-146 30.0451(6) 117.26 120.18 0.50 f0+fm, 2f0+fm, 3f0+fm, f0−fm f0/2, 3f0/2
T2CEP-364 31.413(2) 118.5 125.7 1.17 f0+fm, 2f0+fm, 3f0+fm, f0/2, 3f0/2, f0/2+fm
T2CEP-401 32.815(2) 115.7 131.3 2.48 f0+fm, 2f0+fm, f0/2, 3f0/2, 5f0/4
T2CEP-765 33.4931(9) 128.84 133.97 0.72 f0+fm, 2f0+fm, 3f0+fm, (f0/2)
T2CEP-513 33.851(3) 123.0 135.4 1.78 f0+fm, 2f0+fm, 3f0+fm (weak) f0/2, 3f0/2 (weak), f0−fm2 (weak)
T2CEP-868 34.545(3) 125.4 138.2 1.76 f0+fm, 2f0+fm (weak) f0/2, 3f0/2
T2CEP-019 34.881(1) 135.2 139.5 0.56 f0+fm, 2f0+fm, 3f0+fm, f0/2, 3f0/2
Sect. 3.5. This star has a bit shorter period than the other
seven stars, and peaks interpreted as due to period-4 pulsa-
tion are exactly centred at 5f0/4 and its harmonics (r≈0).
Which of the three scenarios is more likely? In the two
bottom panels of Figs 31 and 32 we show the light curves
for T2CEP-146 and T2CEP-765 folded either with the sus-
pected modulation period, Pm = 1/fm or with 4P0. Since
the two periods are very close, both plots are telling. Data
folded with Pm suggest that we deal with periodic modula-
tion of pulsation; amplitude modulation is clear. Data folded
with 4P0 suggest a period-4 pulsation. Beating of the two
modes also cannot be excluded.
Excitation of additional mode seem the least probable
scenario. Assuming that the highest additional peak corre-
sponds to the additional mode, i.e. that fx is a bit higher
than 5f0/4, the period ratios, Px/P0, would be just a bit
lower than 0.8, and would be confined in a narrow range
(∼0.78–0.80). For the radial first overtone (fx=f1), the ex-
pected period ratios are lower (see, e.g. Smolec 2016), conse-
quently, the additional modes cannot be radial. Non-radial
mode calculations are scarce for giant stars. Calculations
for RR Lyrae stars (which are less luminous) show that
non-radial low degree modes may be excited, but with fre-
quencies rather close to the frequencies of the radial modes.
Their growth rates are at least an order of magnitude lower
than for radial modes (Van Hoolst, Dziembowski & Kawaler
1998). Calculations for classical Cepheids (which are more
massive) indicate that non-radial low degree modes are not
excited (Mulet-Marquis et al. 2007).
Period-4 interpretation also faces difficulties. First, the
peaks are not centred at 5f0/4, 9f0/4, or 13f0/4, but are
systematically off. This cannot be interpreted as due to ir-
regular effect or as due to switching of the deep and shallow
minima. By analogy with period doubling (Sect. 3.4), these
phenomena should lead to more complex structures in the
frequency spectra, but still centred at f0/4 and its harmon-
ics. Second, in the discussed stars we detect sub-harmonic
frequencies as well (Tab. 6) – a signature of period-doubling
effect. Sub-harmonic frequencies are obviously also expected
for period-4 pulsation. These peaks, however, are well cen-
tred at f0/2 and 3f0/2 in contrast to peaks located 5f0/4,
9f0/4 or 13f0/4.
Modulation of pulsation, with periods slightly shorter
than 4P0 seems the most likely interpretation. Admittedly,
only in one star, T2CEP-146 (Fig. 31) we detect a weak peak
located at f0−fm and consequently we detect an equidistant
triplet, the most convincing signature of modulation. How-
ever, as discussed in Sect. 2, doublets are a common signa-
ture of modulation in ground-based observations. In Addi-
tion, the modulation side-peaks may be intrinsically highly
asymmetric as a result of specific phase relation between
amplitude and phase modulation (e.g. Benkő, Szabó & Pa-
paró 2011). No doubt, the modulation in seven RV Tau stars
is very similar – the modulation side-peaks are located on
higher frequency side of f0 and its harmonics, modulation
periods are always a bit shorter than 4P0 and pulsation pe-
riods of the modulated stars are in a relatively narrow range
of 30 < P0 < 35d. It may indicate a specific mechanism
behind the suspected modulation.
In a few other RV Tau stars we detect hints for peri-
odic modulation of different nature than just discussed. In
the majority of cases, the hints are single, resolved peaks lo-
cated near f0. Two cases are worth mentioning. T2CEP-258
(P0 = 32.762 d) has a very simple frequency spectrum: sig-
nificant peaks are detected at f0 and 2f0, and then two peaks
located near f0, at f0 + fm1 (Pm1 = 514d) and at f0 − fm2
(Pm2 = 200 d). No other peaks that could confirm the above
modulations are detected in the spectrum. Incidentally, the
peak at f0 − fm2 corresponds to 5f0/6 and the light curve
folded with 6P0 is telling. Interestingly, sub-harmonics are
hardly present in the spectrum of this star. Seasonal analysis
reveals that period doubling alternations are transient and
strongly irregular. Another interesting case is T2CEP-347
(P0 = 25.5951 d) which shows pronounced alternations that
might be modulated. In the frequency spectrum we detect
possible modulation peaks in the low frequency range, at
fm, and at f0/2 − fm. Unfortunately, 1-year aliases are of
similar height, consequently, we cannot resolve what is the
modulation period: 679 d or 236 d.
4 DISCUSSION
4.1 Period doubling(s) in type II Cepheids
Period doubling effect is present in non-linear pulsation
models of BL Her, W Vir and RV Tau stars. It is also ob-
served in all three classes of variables. The agreement be-
tween the models and the observations is only qualitative,
however.
The existence of PD in BL Her star was predicted by
Buchler & Moskalik (1992) based on radiative hydrodynamic
models. However, only recently the phenomenon was de-
tected in T2CEP-279 (firm detection) and in T2CEP-257
(candidate star) based on OGLE-III data (Soszyński et al.
MNRAS 000, 1–28 (2018)
24 Smolec et al.
2011; Smolec et al. 2012). Here we confirm both detections
and add one more BL Her star to the sample, T2CEP-820
(Sect. 3.2). Only in T2CEP-279 the effect is strong and well
visible in the folded light curve. In T2CEP-257 and T2CEP-
820 the effect is of very low amplitude and is present in some
of the observing seasons only. These three stars constitute
less than 0.3 per cent of the OGLE sample which counts 372
BL Her stars. No doubt the effect is very rare and is of very
low amplitude (see Tab. 2).
On the other hand, the models predict that the effect
should be much more common. Smolec et al. (2012) con-
sidered a grid of non-linear convective models aimed at re-
producing the pulsation of T2CEP-279 best, while models
computed by Smolec (2016) covered the full extent of the
BL Her domain. The extent of the computed PD domain
depends on the parameters of the convection model used. In
particular, large eddy-viscous dissipation leads to the van-
ishing of the PD domain. However, with parameters that re-
produce the pulsation of T2CEP-279 best, the PD domain
in the HR diagram is large and covers a significant part of
the BL Her domain and of the low-luminosity W Vir domain
– see fig. 5 in Smolec (2016). The possible pulsation periods
within the PD domain cover a wide range, from about 2 d to
about 6.5 d, and predicted alternation amplitudes are large,
typically much larger than that observed in T2CEP-279 –
see figs. 13 and 15 in Smolec et al. (2012). This is all in con-
trast with the observations, in which, as pointed above, the
effect is very rare and of low amplitude. The observations
also indicate that the actual PD domain must be very small
and, most likely, so are the ranges of physical parameters of
period doubled stars. This conclusion follows from similar-
ity of the three period doubled BL Her stars. First, they all
have very close pulsation periods (see Tab. 2). In T2CEP-
279 and in T2CEP-820 the period is nearly the same, ≈2.4 d,
and in T2CEP-257 it is slightly shorter (≈2.25 d). Second,
all three stars have a very similar light curve shape – cf.
Figs 5, 10 and 11 – with characteristic bump at minimum
light and with wide rounded maximum with standstill on
the ascending branch. Considering the whole BL Her do-
main, the light curve morphology varies significantly, see,
e.g. fig. 2 in Soszyński et al. (2011). Since it is the 3:2 reso-
nance between the fundamental mode and the first overtone
(f1/f0 = 3 : 2) that underlies the PD effect (Moskalik &
Buchler 1990; Smolec et al. 2012), we may speculate that,
e.g. the resonant mismatch, f1/f0 − 1.5, must be in a very
narrow range or, that some other very specific conditions
are needed for the PD effect to occur.
We have not detected PD effect in stars with pulsa-
tion periods in between ∼2.4 d and ∼15 d, although models
predict the effect also in this period range. Again we re-
fer the reader to fig. 5 in Smolec (2016). Two PD domains
were identified theoretically in the models. The low lumi-
nosity one, that was just discussed and that encompasses
the three period-doubled BL Her stars, and the higher lu-
minosity one, that starts at ≈500 L (0.6 M models), and
extends towards higher luminosities. This domain was also
present in early radiative calculations of Kovács & Buchler
(1988). There is no upper boundary of this PD domain; at
least it was not determined with non-linear calculations, as
numerical problems do not allow computation of more lu-
minous, long-period models (see sect. 2.1 in Smolec 2016).
This domain encompasses the RV Tau variables, in which
period doubling is common, but clearly the effect starts at
too low luminosities and consequently at too short pulsation
periods (≈ 10d) as compared with observations. Our analy-
sis shows however, that the disagreement is not as severe as
thought before. Till recently, the transition between W Vir
stars towards period doubled RV Tau stars was placed at
a rather sharp boundary at P0 ≈ 20d, with a few shorter
period PD stars detected only recently. Here, for the first
time, we have shown (Sec. 3.3, Tab. 4) that the transition is
smooth and starts at pulsation periods just above 15 d. In
between 15 and 20 d, period doubled W Vir stars are quite
common.
In radiative non-linear model sequences of luminous
type II Cepheids, the period doubling is only a first step in
a period doubling cascade that finally leads to chaotic be-
haviour (Buchler & Kovács 1987; Kovács & Buchler 1988).
Along a cascade, period-4, period-8, . . . , period-2k, pulsa-
tion are present. The higher the k, the narrower the domains
of period-2k pulsation; ratios of the domains’ extents are
dictated by the Feigenbaum constant (≈4.67; see, e.g. Cvi-
tanovic 1989). Consequently, period-4 pulsation should be
more scarce than period-doubled pulsation, period-8 more
scarce than period-4, etc. If this scenario is valid, one would
expect to finally detect period-4 or in general period-k pul-
sations in a numerous sample of type II Cepheids. Another
possible route to chaos, that does not involve period-k pul-
sations, is through tangent bifurcation (Kovács & Buchler
1988). While irregular/chaotic pulsation is rather common
at the long-period/high-luminosity RV Tau and SRd stars
(although firm confirmation of chaotic dynamics is challeng-
ing), the transition from periodic to irregular/chaotic pulsa-
tion remains elusive.
The first candidate for period-4 pulsation was reported
by Pollard et al. (2000) in MACHO observations of the
LMC. For one RV Tau star (P0 = 30.408 d) they show the
light curve folded with 4P0. Unfortunately, frequency spec-
trum was not analysed4. Here we reported another candi-
date, T2CEP-135. Admittedly, we do not detect a perma-
nent and regular period-4 pulsation. The effect is well visi-
ble during four observing seasons only (and confirmed with
the analysis of the frequency spectrum). Otherwise, we ob-
serve a regular PD effect. Period-4 pulsation may be a short-
lived transient. Alternatively, we may also witness another
phenomenon related to chaotic dynamics, type-III intermit-
tency, in which intermittent switching between period-k and
period-2k occurs (Pomeau & Mannevile 1980). But a series
of such switchings must be observed and hence much longer
monitoring of T2CEP-135 is needed to make any definite
claims.
No doubt, in OGLE observations we find no support for
period-doubling route to chaos. The observational picture is
apparently more complex, or rather more obscured, than
non-linear models predict. The models are essentially either
periodic (including period-k pulsation), or chaotic. In type
II Cepheids we observe strong irregularities superimposed
4 The star was also observed by OGLE (Soszyński et al. 2008);
OGLE-LMC-T2CEP-162. Although the OGLE light curve folded
with 4P0 may indeed suggest period-4 pulsation, the effect relies
on a few dimmer data points at one of the minimums. No convinc-
ing signature of period-4 pulsation is detected in the frequency
spectrum.
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on singly periodic pulsation (majority of BL Her and W Vir
stars), or on period-doubled pulsation (RV Tau stars). The
nature of irregularities remains to be investigated, but as
OGLE data contain seasonal gaps and are irregularly sam-
pled, it will be challenging to prove the chaotic nature of
these irregularities.
4.2 Modulation of pulsation in type II Cepheids
Pronounced amplitude and phase modulations were also de-
tected in classical Cepheids pulsating in radial overtones,
including second overtone pulsator V473 Lyr (for recent
analysis see Molnár & Szabados 2014), a sizeable sample
of first overtone Cepheids (Soszyński et al. 2015), and many
double-mode, first plus second overtone pulsators (Moska-
lik & Kołaczkowski 2009). Small amplitude (∼mmag level)
periodic modulations were recently detected also in funda-
mental mode classical Cepheids (Derekas et al. 2017; Smolec
2017).
Detection of modulation in type II Cepheids is par-
ticularly challenging due to non-stationary nature of these
stars: irregular changes of pulsation amplitude, pulsation pe-
riod and of mean brightness are commonly present, which
we could verify with the time-dependent Fourier analysis.
Such changes often generate wide and pronounced bands of
power centred, or located close to the pulsation frequency,
its harmonics and in the low frequency range. Based on
such frequency spectra, tens of stars were initially identi-
fied as modulation candidates, but were false verified in the
subsequent, detailed analysis. Most of these stars can be
divided into two classes. In the first, the pulsation ampli-
tude/phase/brightness vary on a time-scale of ∼1000 d. As
typical data length in the sample is ∼2400 d, in the fre-
quency spectra we can identify a set of (marginally) re-
solved peaks that in principle can be attributed to a pe-
riodic modulation with a frequency fm (e.g., peaks at fm,
f0 + fm and 2f0 + fm). Prewhitening turns inefficient how-
ever: the power is only somewhat reduced; strong remnant
remains in the spectrum. Time-dependent analysis indicates
that f−1m corresponds to a characteristic time-scale of irreg-
ular changes, rather than to a period of cyclic variation.
Among such false-verified candidates are, e.g. T2CEP-328,
T2CEP-470, T2CEP-561, T2CEP-817, T2CEP-894 (W Vir
stars) T2CEP-385 (RV Tau). In Sect. 3, we have identified
only a few stars in which long-period modulation was con-
vincing. Still, barely more than two cycles are covered and
long-term-monitoring of their brightness is necessary to con-
firm, whether the changes we observe are indeed periodic.
In the second class of stars identified as modulation can-
didates, changes of pulsation amplitude/phase/brightness
are faster and limited frequency resolution is not an issue.
In the frequency spectrum we observe wide bands of power
typically located on one side of the pulsation frequency and
its harmonics. Within such power excess there are several
well resolved peaks of similar height; at f0 and at 2f0 one
can easily point the peaks with the same separation, fm1,
with respect to kf0. Then, after prewhitening, another set
of peaks with slightly different separation, fm2, emerges, and
so on. Such procedure is obviously subjective and pointless.
We do not observe a manifestation of multi-periodic modu-
lation, but complex changes on a variety of time-scales. A
few examples of such stars are, e.g. T2CEP-200, T2CEP-
269, T2CEP-447, T2CEP-815 (W Vir stars).
The described complex variations may originate from
chaotic dynamics as briefly discussed in the previous Section
and in the Introduction. Standard consecutive prewhiten-
ing with periodic sine terms is not adequate to study such
variations in detail. Time-frequency techniques need to be
employed, but it is beyond the scope of the present analysis.
Fortunately, in several stars we could convincingly iden-
tify quasi-periodic modulation. As in the case of period dou-
bling, phenomenon is present both in pulsation models of
type II Cepheids and, as reported here for the first time, in
observations. It is however difficult to find a direct corre-
spondence between the models and observations.
Smolec & Moskalik (2012) found periodic and quasi-
periodic modulation of pulsation in several sequences of
BL Her models covering a small domain in the HR dia-
gram (see their fig. 1). These models were computed with
strongly decreased eddy viscosity parameter however, and
are far from realistic (no red edge of the instability strip,
excessive pulsation amplitudes, peculiar light variations).
They are interesting from dynamical point of view as they
demonstrate that the half-integer resonances between pul-
sation modes (specifically the f1/f0 = 3 : 2 resonance) may
drive the periodic modulation of pulsation, as suggested in
one of the models explaining the Blazhko effect (Buchler
& Kolláth 2011). Modulation in these models is present on
top of the pronounced period doubling effect and modula-
tion properties (period, amplitude) are a strong function of
the resonance mismatch parameter. As soon as eddy vis-
cosity parameter is increased, the modulation of pulsation
vanishes in BL Her-type models (Smolec 2016). Hence, pe-
riodic modulation of pulsation, comparable to the observed
phenomenon, has not been reproduced with pulsation mod-
els yet.
Contrary to period-doubled BL Her stars, the modu-
lated BL Her stars seem not confined to any particular pa-
rameter range (Tab. 5, Fig. 18). They cover a wide period
range, from ≈1.4 d to ≈3.9 d and display a variety of light
curve shapes. The modulation properties (modulation pe-
riods, amplitudes) also widely differ. Both amplitude and
phase modulations are observed. Patterns in the frequency
spectra are rather simple: a few modulation side-peaks are
observed, mostly in the vicinity of f0 and sometimes close
to the harmonics. Both symmetric patterns (triplets) and
asymmetric patterns (doublets) are detected. Interestingly,
in the majority of stars, a peak at the modulation frequency
is also observed. Very similar frequency spectrum patterns
were detected in fundamental mode classical Cepheids by
Smolec (2017).
Periodic modulation of pulsation was found in a few
isolated W Vir-type models computed by Smolec (2016); no
large modulation domain was found. Independent of mass
and metallicity, these models have roughly the same location
on the HR diagram, have pulsation periods close to 9.5 d,
and have very similar modulation properties (see tab. 2 of
Smolec 2016), which suggested a resonant origin of the mod-
ulation in the models.
The modulated W Vir stars (Tab. 5) are not restricted
to any specific parameter range. Their periods are in the
≈5.2 d to ≈16.4 d range. Modulation periods are rather
short; except one star, all shorter than ≈220 d. For three
MNRAS 000, 1–28 (2018)
26 Smolec et al.
stars: T2CEP-282 (P0 = 8.91565 d, Pm = 82.24d), T2CEP-
187 (P0 = 9.5937 d, Pm = 107.6 d) and T2CEP-443 (P0 =
10.6364 d, Pm = 124.5 d) we can find a relatively close match
among the models published by Smolec (2016), as both the
pulsation and modulation periods are close to that seen in
the models. In addition, in all theoretical models the lower
frequency side-peaks are of higher amplitude. In T2CEP-282
and T2CEP-187 only the lower frequency side-peaks are de-
tected, while in T2CEP-443 symmetric triplet centered on
f0 is present. We note that T2CEP-187 is a peculiar W Vir
star, consequently it may be a member of the binary sys-
tem (see Soszyński et al. 2017). The asymmetric pattern
observed in its frequency spectrum suggests however, that
the observed modulation is intrinsic to the star (see next
section).
4.3 T2CEP-377: modulation due to binarity?
Motion of a Cepheid in a binary system leads to periodic
phase modulation (Pm = Porb) due to light time travel ef-
fect (LTTE). In the frequency spectrum of pulsating star,
LTTE manifests as equidistant multiplets centred at pulsa-
tion frequency and its harmonics. In addition, the amplitude
ratio between the side-peaks located at kf0 ± fm, and the
central component of each multiplet, kf0, is proportional to
kf0, and the phase difference between the central component
and the kf0±fm side-peaks of each multiplet is pi/2. Details
of the frequency spectrum depend on the orbital parameters
of the system (Shibahashi & Kurtz 2012; Shibahashi, Kurtz
& Murphy 2015). As demonstrated by Shibahashi (2017),
frequency spectrum may be used to discriminate between
phase modulation due to Blazhko effect and phase modula-
tion due to binarity in RR Lyrae stars.
In a few type II Cepheids we observe long-period phase
modulations. In Fig. 27 we have illustrated phase changes for
three BL Her stars. Of these, frequency spectrum of T2CEP-
377 (P0 = 3.823615d, Pm = 957d) indicates that LTTE
may be responsible for the modulation. Although the phase
changes displayed in Fig. 27 are not strictly repetitive, in
this star the phase modulation is superimposed on the irreg-
ular phase changes on longer time scale, that are most likely
intrinsic to the star. Amplitude is, within 2σ, constant. In
the frequency spectrum we have detected equidistant and
roughly symmetric triplets up to 5f0. In Fig. 34 we show the
relevant amplitude ratios, (Ak+ +Ak−)/(2kAk) (top panel)
and phase differences, φk − φk−/2− φk+/2 (bottom panel),
where Ak± and φk± refer to amplitudes and phases of the
side-peaks located at kf0 ± fm. For this plot, all side-peaks
were fitted as independent frequencies. Except at 4f0, the
amplitude ratios (here divided by the harmonic order, k) are
constant within 1σ, as expected due to LTTE. The phase
differences are within 2σ equal to pi/2, again supporting
LTTE as origin of the modulation.
As long-term irregular phase changes are also present
in T2CEP-377, spectroscopic monitoring is needed to verify
the binary nature of the observed modulation.
5 SUMMARY
We have analysed I-band photometry of 924 Galactic bulge
type II Cepheids observed by the OGLE project. Seven sea-
Figure 34. Amplitude ratios and phase differences between the
side-peaks and central components of the triplets for T2CEP-377,
a candidate for BL Her star in a binary system.
sons of the OGLE-IV photometry are the basic data set
we have considered for each star. We have also analysed
OGLE-III data for stars not observed in the fourth phase
of the project, and analysed both data sets for the most in-
teresting stars, if these were available. Our most important
findings are the following.
• We identify first radial double-mode type II Cepheids of
BL Her type, T2CEP-749 (P0 = 1.041572d, P1 = 0.73442d,
P1/P0 = 0.7051) and T2CEP-209 (P0 = 1.1812857d,
P1 = 0.832986d, P1/P0 = 0.7052) pulsating simultane-
ously in the radial fundamental and radial first overtone
modes. Although these are the first double-mode BL Her
stars, they are also members of the group of double-mode
variables identified previously among long-period RR Lyrae
stars (Smolec et al. 2016). These stars are characterised by
long fundamental mode periods (P0 > 0.6 d) as compared to
majority of RRd stars, lower period ratios, low amplitudes
of the radial first overtone and characteristic light curve
shape corresponding to the dominant fundamental mode.
This class now spans across RR Lyrae and BL Her classes.
• We confirm period doubling in BL Her-type stars
T2CEP-279 and T2CEP-257 (Smolec et al. 2012) and add
one more star to the sample, T2CEP-850. Only in T2CEP-
279 the effect is of relatively large amplitude and is stable
(∼coherent pulsations are followed for more than 2300 pul-
sation cycles now). In the other two stars the effect is of
very low amplitude and is a transient phenomenon, present
in some observing seasons only. In addition, in T2CEP-820
switching of the deep and shallow pulsation cycles occurs.
• The three period doubled BL Her stars constitute less
than 0.3 per cent of the OGLE BL Her sample, have periods
in a narrow range (≈ 2.25−2.4 d) and very similar light curve
shapes, which suggests that the period doubling domain in
the HR diagram is very small. This finding is in conflict
with non-linear pulsation models, which predict that the
PD phenomenon should be much more common and that
amplitude of the effect should be large.
• Twenty five period-doubled W Vir stars with pulsation
periods between 15 d and 20 d are reported. The longer the
pulsation period the higher the incidence rate of period-
doubled W Vir stars and the higher the amplitude of the
effect. The transition towards period doubling behaviour is
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smooth and starts at pulsation periods slightly above 15 d.
Non-linear pulsation models are again in conflict with these
observations, as they predict the transition at even shorter
pulsation periods, just above 10 d.
• In many RV Tau stars the period doubling effect is ir-
regular. In some stars the depth of the deep and shallow
maxima varies. Particularly interesting are tens of stars in
which deep and shallow pulsation cycles interchange.
• One star, T2CEP-135 (P0 = 23.2681 d), is a candidate
for period-4 pulsation. The effect is not permanent however.
It is present during four observing seasons and is revealed
both in the folded light curve and in the frequency spectrum.
In other seasons, standard period-doubled pulsation is ob-
served. The effect may be a transient. The other possibility
is intermittent switching between period-2 and period-4 pul-
sation (type-III intermittency) but much longer monitoring
is needed to prove that this is the case.
• For the first time, periodic modulation of pulsation was
detected in all subgroups of type II Cepheids.
• The most numerous are modulated BL Her stars. Six-
teen cases were identified with pulsation periods in the ≈1.4-
3.9 d range, characterized by a variety of light curve shapes.
In the frequency spectra, modulation patterns are rather
simple and indicate both amplitude and phase modulations.
In the majority of stars modulation of the mean stellar
brightness is also detected. Although some modulated non-
linear BL Her-type models were already published, they do
not reproduce the observed stars.
• In BL Her star, T2CEP-377, pulsation amplitude is con-
stant (within 2σ) and observed phase modulation (P0 =
3.823615d, Pm = 957d) is most likely due to light time
travel effect, as deduced from the analysis of its frequency
spectrum. Spectroscopic monitoring is needed to confirm
that T2CEP-377 is a member of the binary system.
• Periodic modulation of pulsation was detected in 9
W Vir stars. Pulsation periods are in the ≈5.2−16.4 d range.
Except one star, modulation periods are below ≈ 220 d. As
compared to modulated BL Her stars, equidistant triplets
are rarely detected in the frequency spectrum. Modulation
of the mean brightness is also less frequent; it was detected
in three W Vir stars.
• In seven RV Tau stars confined to a relatively narrow
period range, ≈ 30 − 35d, similar frequency patterns were
identified, namely additional peaks (beyond fundamental
mode frequency, its harmonics and sub-harmonics) located
at frequencies which are always slightly larger than 5f0/4,
9f0/4 and 13f0/4, are detected. As discussed in Sect. 3.8
the most likely interpretation is periodic modulation of pul-
sation with periods slightly shorter than 4P0. The less likely
interpretations are period-4 pulsation or excitation of addi-
tional non-radial modes.
• In the majority of type II Cepheids power excess is de-
tected at the location of the fundamental mode after the
prewhitening. Time-dependent analysis shows that irregular
and complex changes of pulsation amplitude and of pulsa-
tion phase are common in these variables.
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SUPPORTING INFORMATION
Additional Supporting Information may be found in the on-
line version of this article:
Animations: A collection of animations illustrating
periodic modulation of pulsation in BL Her and W Vir stars.
Appendix A: A collection of figures illustrating light
curves and frequency spectra of RV Tau stars with period
doubling switching events.
Appendix B: A collection of figures illustrating fre-
quency spectra for modulated BL Her and W Vir stars.
Appendix C: A collection of figures illustrating light
curves and frequency spectra of modulated RV Tau stars.
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